Structural System Reliability by the Method of Stable Configuration by Quek, S-T. & Ang, A.H-S.
IV 
I29A 
52' 
CIVIL ENGINEERING STUDIES 
c..2. 
STRUCTURAL RESEARCH SERIES NO. 529 
U ILU-ENG-86-2011 
ISSN: 0069-4274 
STRUCTURAL SYSTEM RELIABILITY BY THE METHOD 
OF STABLE CONFIGURATION 
By 
S-T. QUEK 
and 
A. H-S. ANG 
Technical Report of Research 
Supported by the 
NATIONAL SCIENCE FOUNDATION 
(Under Grant MSM 85-18005) 
UNIVERSITY OF ILLINOIS 
AT URBANA-CHAMPAIGN 
URBANA, ILLINOIS 
NOVEMBER 1986 
Universi~y o~ Illi~ois 
Metz ?2~ST~2J3 ~C0~ 
~- ~ .... ; -. '" ~. --: .-
-.J_ •• 'J ; .. _: . .1 

1 j 
J 
1 
j 
1 
J 
J 
I 
] 
1 
1 
A 
.50272 -1 01 
REPORT DOCUM£HTATIOH I.L.c.R[PORT NO. 
PAGE 
4. Tltla and SUbtitle 
STRUCTURAL SYSTEM RELIABILITY BY THE METHOD 
OF STABLE CONFIGURATION 
7. Authons) 
S-T. Quek and A. H-S. Ang 
9. Performlna Oraanization t'bma and Addres. 
Department of Civil Engineering 
University of Illinois 
208 N. Romine Street 
Urbana, IL 61801 
12. SponscrinK O,..anlzatlon Nama and Add,.... 
National Science Foundation 
Washington, D.C. 
15. Supplementary Notes 
·16. Abstract (Limit: 200 worcn) 
i 
I~ 
5. Report ~ate 
8. Performlna O,..anlzatlon Rept. No. 
10. Proiect/Taak/Work UnJt No. 
11. ContntCtCC) or Grant(G, No. 
(C) 
w) Grant MSM 85-18005 
13_ Type of Report & Period eo-... d 
Technical Report 
14. 
A practical approach for the reliability analysis of structural systems is presented. 
Approximations and simplifications to the theoretical stable configuration approach (SCA) 
are derived from the cut-set formulation based on the dominant physical configurations of 
a given structure. 
Implementation of the proposed method involves the reliabilities of the initial con-
figuration and those of the dominant configurations (corresponding to one failed compo-
nent). The geometric average of the second-order bounds for the probability of the union 
of failure events is used in the computation of the failure probability of each configu-
ration. This estimate is then" used as a criterion for selecting other dominant configu-
rations (corresponding to more failed components). The final system reliability is esti-
mated through the intersection of events corresponding to all the selected dominant con-
figurations. 
A number of illustrative problems were examined and the results used also to vali-
. date the accuracy of the proposed SCA. The method was shown to be particularly effective 
for the class of structural systems composed of brittle components. 
17. Document Anal~j. a. OeKripto,.. 
1 o. identlfie,..iOpen-Ended Terms 
J 
I 
I 
-' 
c. COSATI Field/Group 
I!. Availability Statement 
(S .. ANSI Z39_18) 
19. Security Clan (This Report) 21. No. of Paees 
UNCLASSIFIED 115 r-~~~~:~~~~----------~--~~~.----------
20. s.curity Cia .. (This PaKe) 
UNCLASSIFIED 
See InstructIons on Reverse 
22. Prica 
OPTIONAL FOR .. 272 (~77) 
(Formerly NT1S-35) 
Department of Commerce 

1 
I 
1 
] 
, 
i 
I 
• I 
--1 
_J 
- ~ 
; 
- ; 
ii 
ACKNOWLEDGMENTS 
The report is based on the dissertation of Dr. S-T. Quek submitted 
in partial fulfillment for the Ph.D. degree at the University of Illinois 
at Urbana-Champaign. The study was conducted as part of a research 
project supported by the National Science Foundation under grant MSM 85-
18005 and while the first author was on an overseas graduate scholarship 
from the National University of Singapore. These supports are gratefully 
acknowledged. 

\ 
J 
J 
1 
J 
I 
I 
I 
I 
] 
J 
J 
J 
1 j 
J 
1 
J 
J 
iii 
TABLE OF CONIENTS 
CHAPTER PAGE 
1 INffiODUCTION ............................................................................................. 1 
1 .1 G en e r al R. e m ark s ., .................. , ................ " . . . . . . . . . . . . . . . . . . . . . . . . .. .. . . . . . . . . . . . . . . . . . . .. 1 
1.2 Objective and Scope of Study .................................................................... 2 
. 
1.3 Organization ............................................................................................... 4 
1.4 Notation ..................................................................................................... 4 
2 RE\-IE\V OF PRE\rIOUS WORKS .................................................................. 7 
2.1 Structural System Reliability Approaches ................................................. 7 
~.l.l Failure Ivlode Approa.ch (FMA.) ...................................................... 8 
~ .l.~ Stable Configuration Approa.ch (SeA) .......................................... 10 
2.~ Computational1\1ethods .......................................................................... 11 
:::.::!.l Com ponen t Relia.bility ................................................................... 12 
Probability of Intersection ................ : ............................................. 13 
Probability of Union ...................................................... ~ ................. 15 
:2 .3 \ 1 (1 n tee ar 10M e th 0 ds ........................ " . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . .. 1 7 
3 Trl[ ::-·~:::LE CONFIGURATION A.PPROACH A.ND 
E:::~ \ ~=l ';PPRG:·:I~\1A TIONS ................................................................. 24 
:: 1 . ifL#·~.:i] F~emarks ..................................................................................... 24 
:.l..~. ~, r apb Theoretical Concepts an d Interpretations ............................. 25 
• ~ f' > n C'" {' P t 0 f th eSC A .. .. . .. .. .. .. ... .. .. .. .. .. .. .. . .. .. .. .. . .. .. . . .. . .. .. .. . .. .. .. .. .. .. .. ... 27 
\~ atbematical Formulation ............................................................. 27 
3 ~3.::' F~e lationship between Cut-set and Stable Configuration ................. 28 
3,3,3 Illustration of Theoretical Concepts ............................................... 30 
3.3.4 Practical Limitations and Approximations ..................................... 32 
3.3.5 Practical Implications ...................................................................... 36 
University of :Ll~-'.:~:,;is 
Metz Rs~~r2~c3 ~C02 
BIOS l~C:C1 
208 N. Romine street 
Urbana, Illinois 61801 
iv 
4 CO~IPUTA TION.-\L TECHNIQUES ............................................................. 41 
4.1 General Remarks ..................................................................................... 41 
4.2 Generation of Performance Function for Each Component .................. 42 
4.3 Computation of Component Failure Probability .................................... 45 
4.4 Computation of Failure Probability of Each Configuration .................... 46 
4.5 Computation of System Failure Probability ............................................ 50 
4.6 General Algorithm for the SCA .............................................................. 52 
5 NUrv'1ERICA.L EXA.NIPLES ....................................................... '" ................. 64 
5.1 General Remarks ..................................................................................... 6--1: 
5.2 Structural Redundancy .................................... ~ ........................................ 6.3 
5.3 Sim pie Truss Structure ............................................................................ 66 
5.4 Two- Tier Truss ........................................................................................ 138 
5.5 Three- Tier Truss ...................................................................................... G0 
5.6 Tu bular Space Truss ................................................................................ 70 
5.7 Simple PortJ.l Frame ................................................................................ 7-3 
5.8 Fix:ed Portal Frame .................................................................................. 7·1 
5.9 Two-Bay Frame ....................................................................................... 7.3 
5 .1 0 :vI u 1 tis to ry F ram e ., . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 7 t3 
5.11 Qualitative Comparison with the F1\IA ................................................... 78 
6 CONCLCDI:\G RE;v1A.Rl(S ........................................................................ 106 
6.1 Summary ............................................................................................... 106 
6.2 Conclusions ........................................................................................... 109 
6.3 Recommendations for Further Study ................................................... 110 
REFEREN CES .... .................. .................. ........................... ......... ......... ....... .. 112 
i. 
F 
'L 
r 
[ 
l 
I 
I 
1 
I 
1 
1 
1 
I 
J 
I 
1 
-:-1 
j 
j 
1 j 
) 
_.I 
" 
i 
_J 
--~ 
i 
-~ 
Table 
3.1 
4.1 
5.1 
5.2 
5.3 
5.4 
5.5 
5.6 
5.7 
5.8 
5.9 
5.10 
5.11 
5.1~ 
5.13 
5.14 
5.1S 
5.16 
5.17 
5.18 
v 
LIST OF TABLES 
Page 
Results for Three Bar Example 34 
Pain t Estimates for the Probability of a Union ..... .................. .......... S9 
Data for Simple Truss Structure ........................................................ 82 
Comparison of Collapse Probabilities for Simple Truss Structure .... 83 
Comparison of Designs ...... ........... .... ... ......... ......... .................. .... ...... 83 
Statistics for Two-Tier Truss ........ .... .... .................. ......... ..... .... ..... ..... 85 
Comparison of Collapse Probabilities for Two-Tier Truss 86 
Results for Two- Tier Truss ................................................................ 86 
Statistics for Three-Tier Truss .... ..... .... ......... ......... .... ..... ......... .......... 88 
Results for Three- Tier Truss' ............................................................. 89 
Dimensions and Statistics for Space Truss (Design I) 91 
Dimensions and Statistics for Space Truss (Design II) 
Results for Space Truss ...................................................................... 93 
Statistics for Simple Portal Frame ........ .................................... .......... 95 
Results for Simple Portal Frame 96 
Statistics for Fixed Portal Frame 98 
Results for Fixed Portal Frame ......................................................... 98 
Data for Two-Bay Frame ................................................................... 100 
Results for Two-Bay Frame ............................................................... 101 
Data for Multistory Frame .......... ........................... ............................ 103 
vi 
5.19 Ten Least Reliable Potential Hinges 104 
5.20 Results for Multistory Frame ............................................................. 105 
r 
! 
( 
I 
i 
r' 
i 
i 
l 
( 
, 
f , 
j 
"' i } 
J 
I 
I 
, 
• 
1 
j 
I 
f 
.-A 
'1 
J 
- " ,,' 
vii 
.' ' 
LIST OF FIGURES 
Figure Pa.ge 
2_1 Venn's Diagram for the Union of Events 
2.2 Venn's Diagram for the Complementary of the Union of Events ... 23 
3.1 Three Parallel Bar Structure ............................................................... 37 
3.2 Failure Graph for Three Bar Structure .............................................. 37 
3.3 Possible Configurations for Three Bar Structure 38 
3.4 Limit State Surfaces for Three Bar Structure 
with Brittle Behaviour ........ ......... ......... .... ..... ......... .... ..... ......... .......... 39 
3.5 Failure Graph for Three Bar Structure with 
Brittle and Ductile Behaviour .............. ......... ..................................... 40 
3.6 Limit State Surfaces for Three Bar Structure 
with Brittle and Ductile Behaviour ...... .................................... .......... 40 
-1.1 Simple Truss Structure ....................................................................... 55 
4.2 Fixed Beam ........................................................................................ 56 
4.3 Modifications for Beam with Left End Failed Elasto-plastically 
(a) Modified Stiffness Matrix; (b) Re-applied Forces ...................... 57 
4.4 The Spanning Tree .... ......................................................................... 58 
-1.5 Second-Order Point Estimates for the Probability of a Union .......... 60 
4.6 Normalized Second-Order Bounds for the Probability of a Union... 61 
4.7 Example of Events Used in the Intersection ..................................... 62 
4.8 Block Diagram of General Algorithm ................................................ 63 
5.1 Simple Truss Structure ................ ....................................................... 81 
5.2 Simple Determinate Truss ................................................................. 81 
viii 
, 
.' 
5.3 Two-Tier Truss .................................................................................. . 84 I 
5.4 Three-Tier Truss ............................................................................... . 87 r 
L 
5.5 Space Truss ........................................................................................ . 90 
.. 
~ 
5.6 Simple Portal Frame .......................................................................... . 94 I 
5.7 (a) Fixed Portal Frame .................................................................... . 97 f I 
J. 
5.7 ( b) Poisson Rectangular Pulse Process ............................................ . 97 
r-
5.8 Two-Bay Frame ................................................................................. . I 99 , 
5.9 Multistory Frame .... _ ......................................................................... . 102 1:-
L_-
I 
r 
[ 
1 
:r-
.t 
;) 
~ 
f' 
! -
l 
I 
f_ 
1 
\ 
J 
J 
I 
1 
] 
I 
.. 
1 
, 
...1 
-.1 
"i 
1 
CHAPIER 1 
INIRODUcnON 
1.1 General Remarks 
The existence of uncertain ties in structural englneerIng has long been 
recognised and qualitatively accoun ted for through the use of safety factors in 
the design of structures. Reliability analysis, using probability "theory as a tool, 
provides a more rational basis for determining the appropriate safety margins. 
Reliability- based code provisions are developed mainly to achieve a target 
reliability of the members. In order to obtain an estimate of the system relia-
bility, a system analysis needs to be performed. Pl.ccurate system reliability 
analysis is time consumIng and often impractical. Practical and dependable 
methods for system reliability analysis are still needed. Such methods are 
necessary for the formulation of system-level reliability-based designs. 
Research and appli~a.tions of structural reliability began when Freudenthal 
(1947) published his classic paper on the safety of structures. In the last thirty 
years, general mathematical formulation of the theory (e.g. Ang and Amin, 
1967) and sim plifications to generally agreed format conducive for code applica-
tions and implementation in engineering were emphasized. Questions regarding 
Invanance on the mean-value first-order second-moment reliability format 
(Ang and Cornell, 1974) were resolved (Hasofer and Lind, 1974) and the 
2 
advanced first-order second-moment reliability method for component reliabil-
ity (Shinozuka, 1983) widely accepted. Assessments of existing codes were 
examined by a number of researchers (e.g. Ellingwood and Ang, 1972). Appli-
cations to problems in general civil engineering areas also gathered momentum 
lately, for example in off-shore structures, geotechnical problems, soil-structure 
interaction problems, lifeline systems, damage assessment, fatig-ue problems 
and reliability-based optimization. One of the remaining challenging areas of 
research is that of structural system reliability. 
Although research in structural system reliability began in the sixties (e.g. 
Shinozuka and Itagaki, 1966; .Ang and Amin, 1967; Ishizawa, 1968; Yao and 
'(eh, 1969), solutions were limited to simple problems and/or involve great 
simplifications. It is only in the last few years that useful results have begun to 
appear (Gorman, 1979; Ma and Ang, 1981; Bennett and Ang, 1983; Rashedi 
and ~1 oses, 1983; D itlevsen and Bjerager, 1984; M elchers and Tang, 1984, 
1985; Murotsu et aI, 1984, 1985). Despite this, the available methods are not 
completely satisfactory for practical structures especially those involving brittle 
componen ts. 
1.2 Objective and Scope of Study 
The 0 bjective of this r-esearch is to further study the use of the stable 
configuration approach (SCi\.) in the reliability analysis of structural systems, 
especially for systems with brittle components (that is, components with no 
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residual strength when their ultimate capacity is exceeded). Although elasto-
plastic behaviour of the components are often assumed in structural reliability 
analysis, a brittle model may in fact be more realistic for the ultimate limit 
states of the components. In this respect, any component when loaded up to its 
ultimate strength will finally fracture and have negligible residual capacity. As 
such, a brittle model for the component with its capacity equal to its ultimate 
strength is appropriate, especially when the reliability of the system against ulti-
mate collapse is of in terest. 
Practical approximations to the SCA are introduced for the general class of 
structural systems involving both brittle and elasto-plastic (or ductile) com-
ponents. Computational techniques adopted in the SCA are discussed and a 
general algorithm is developed for the reliability evaluation of practical systems. 
The examples presented are limited to space truss and plane frame struc-
tures. In all the examples, the reliability of the system against ultimate collapse 
is computed and hence, the behaviour of each member is assumed to be brittle. 
In addition, the cases where all the members are assumed to be elasto-plastic 
and where some mem bers are brittle are examined. Both the magnitudes of 
the loadings and capacities are taken as random variables whereas the geometry 
of the structure and the location of the loads are assumed to be deterministic. 
In addition, dynamic effects are ignored. Potential failure locations are 
predetermined. 
4 
1.3 Organization 
Chapter 2 summanzes some of the previous work related to the reliability 
analysis of structural systems, particularly those of significance to this study. 
In Chapter 3, the basic formulations using the SeA are developed. The 
physical concept behind this approach and its limitations are examined. In par-
ticular, the modifications necessary for practical applications are discussed. 
The computational aspects of the proposed method are detailed in Chapter 
4. The practical limitations of the techniques are discussed and a general algo-
rithm is suggested. 
In Chapter 5, numerical examples are presented to illustrate the proposed 
approach. The results are discussed and compared with those uSlng other 
methods. The concept of structural redundancy is also introduced. 
Chapter 6 COD tains the summary and conclusions of this study. Suggestions 
for further research are also given. 
1.4 Notation 
The notation and symbols used are defined where they first appear in the 
text. However, for ease of reference, the most important symbols are summar-
ized as follows: 
B·· l] event that the component represented by branch ij fails 
( 
i 
, 
\ 
t 
1 
I 
t 
t 
i.. 
i 
I 
( 
1 
f-
a· 
r 
1 
I 
\ 
L.. 
1 5 
1 
c· event that cut-set i is realized 
J 
I 
ci number of combinations of k chosen from j -
1 COy coefficien t of variation 
( D, Dn mean and nominal dead loads, respectively 
) 
E· eventi I 
J E - complement of event E 
I L· set of failed components of a structural configuration 
F· 
.. -1 set of stable configurations formed by the components of Ii 
I F.5. factor of safety 
I g ( .) performance function 
L! Ln mean and nominal live loads, respectively 
, 
1 m n urn ber of poten tial hinges 
1 mf n urn ber of failed componen ts 
.J 
m~ number of components that have not failed 
i 
J 
_J 
.\1 p plastic momen t capacity 
j Pf pro bability of failure 
P(E) - pro bability of event E 
1 Q random variables for loads 
r percentage of structural redundancy 
-" 
R random variables for resistances 
s· ~ set of potential components that have not failed 
.! 
j W, Wn mean and nominal wind loads, respectively 
J 
x 
x 
f3 
pN 
p 
E 
<.> 
{. J 
6 
basic random variable 
vector of random variables, X 
reliability (or safety) index 
mean 
mean of equivalent normal distribution 
correlation coefficient 
standard deviation 
standard deviation of equivalent normal distribution 
standard normal density function of dimension n 
standard cumulative normal distribution of dimen"sion n 
union of events 
in tersection of even ts 
product 
denotes an element of 
row vector 
column vector 
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CHAPTER 2 
REVIEW OF PREVIOUS WORKS 
2.1 Structural System Reliability Approaches 
In general, there are two basic approaches for solving structural system 
reliability pro blems, namely the failure mode approach (F1vIA) and the stable 
configuration approach (SeA). 
In the F~IA, all the possible ways that a structure can fail are considered. 
Each of these ways is defined as a failure mode of the structural system. A 
structure faiis if any on·e of the failure mode occurs. In probab.ilistic terms, the 
probability of structural failure (collapse) is given by the probability of the 
union of all the events corresponding to the failure modes of the structure. 
~eglen:n£: ln~ r~ilure mode in the analysis will result in an under-estimation of 
the fa.l;Urf> ; r~\t<l.bility of the system. This is best illustrated by Fig. 2.1. Sup-
pose t!::l~ l "tr'Jctural system has three potential failure modes, represented by 
evenl'- [ E. and EJ • The union of all the three events consitutes the system 
failure ~\ pst 3..'- shown. in Fig. 2.1a. By neglecting any event, say E 3 , the 
approxlmat€>d system failure event will be represented by EIU E'2, as shown in 
Fig. ::2.1 b. It is obvious that th~ probability of the latter event will be less than 
that of the event in Fig. 2.1a. Hence, any approximation in th.e FMA (by 
neglecting some potential failure modes) will underestimate the probability of 
8 
failure of a system. 
In con trast to the FMA, the SeA examInes how a structure or any of its 
damaged states can carry the loads. Each state at which the loads can be carried 
without collapsing is a stable configuration. Therefore, a structure will not fail 
if any of its configuration is stable under the applied loads. In probabilistic 
terms, the probability of survival (non-failure) of a structure is given by the 
probability of the union of events corresponding to the survival of the possible 
configurations. Using Fig. ~.~, suppose a structure has three possible stable 
configurations represented by the events E1, E~ and E3~ The system failure 
event is given by the complement of the unIon of the three events; that is, 
E1U E:2U £3) :lS illustrated in Fig. ~.:2a. By neglecting any event; say E3 ) the 
corresponding sy~tem failure event is given by E1U E~, as shown in Fig. :2.2b. 
Obviously, the lJ.tter \vill yield a larger probability of failure of the system than 
that of the complementary event of Fig. ~.~a. Hence, neglecting any stable 
configuration in the SeA. will over-estimate the probability of failure of the sys-
tern and, therefore. any approximation in the SeA. (by neglecting some stable 
configurations) will yield conservative results. 
2.1.1 Failure Mcxie Approach 
It is seen that the main consideration in the FivlA is the union of all possi-
bIe failure modes since the realization of anyone of them will constitute. a sys-
tern failure. Early works in this approach involved the mathematical formula-
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9 
tion of the problem (Freudenthal et al, 1966; Ang and Amin, 1967). An 
essential step in this approach is the computation of the probability of the union 
of events, which may be impractical to compute accurately. To simplify the 
solution, statistical independence or perfect correlations between the failure 
modes is assumed (Yao and Yeh, 1969; Stevenson and Moses, 1970). 
Improvements were made by Vanmarcke (1971) where statistical dependence 
between failure modes is accounted for approximately. 
In structures of practical size, the number of potential failure modes may 
be extremely large and thus impractical to identify completely. It is recognised 
that only the stochastically significant failure modes need be used as an approxi-
mation and methods for identifying the significant modes were developed. :Nfa 
and .-\ng (1981) used nonlinear programming technique for finding the sto-
chas tically dom inan t failure modes of plastic frames and truss structures 
through virtual work. A point estimate of the collapse probability of the struc-
ture is then obtained using clustering techniques. Moses (1977) proposed an 
alternate method for geiJerating the dominant mechanisms· and the correspond-
ing limit state equations for plastic frameworks under a single load. Using the 
mean values of the rando!ll variables, the significant modes are derived in a 
deterministic ,:manner. The method was later extended for brittle systems (Gor-
man, 1979). Recently, this so-called Incremental Load Method (1LM) was 
extended for multiple loadings and for semi-brittle material behaviour (Rashedi 
and Moses, 1983). The failure probability is obtained using Monte Carlo simu-
10 
lations. Murotsu et al (1984, 1985) suggested a method for brittle and elasto-
'- plastic truss and frame structures by first finding the stochastically most dom-
inant fa.ilure mode, to be used as a lower bound to the probability of failure of 
the system. Other modes are then included using this lower bound probability 
as a cut-off criterion. The failure pro bability of each mode is approxima.ted by 
the intersection of two (or at most three) component failure events and the 
system failure probability is computed as the sum of the probabilities of the 
individual modes. ~felchers and Tang (1984, 1985) proposed the truncated 
enumeration method (TEM). This method is ess~ntially similar to that of 
Murotsu et al (1984) except that other dominant modes are obtained by tracing. 
back from the most dominant mode in a systematic manner. D.jtlevsen and 
Bjerager (198-l) obtained the dominant failure mechanisms for plastic structures 
by combining dominant lower bound performance functions derived from the 
lower bound th~or~m of limit analysis. The results obtained are sensitive to 
the choice of thf:> prImary statically determinate systems. 
2.1.2 Stable Configuration Approach 
In the seA !'14 currently available methods are the state space method 
based on the \1ark0V process and the network method using cu~ets. These 
two methods have been used in other disciplines in the evaluation of system 
reliability (e.g. Singh, 1980). In structural system reliability analysis, the SeA 
has been used implicitly in previous works and was explicitly introduced by 
l 
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Bennett and A.ng (1983). Ishizawa (1968) modeled the brittle failure of a 
redundant structural system as a firstrorder rvfarkov process requiring the 
identification of all possible sequences of failure o( the members, which can be 
extremely large for a practical structure. For simple ductile frames, Augusti 
and Barratta (1 97~) presented a lower bound reliability solution using the pro-
babilistic equivalent of the statical method of limit analysis. Bennett and .-\ng 
(1983) used the network method and defined the stable configuration of a 
structure with the nodes of a failure graph. By considering the cutrsets~ the 
system' failure probability is obtained as the intersection of unions of com-
ponent failure events. However, additional investigations are needed; . in par-
ticular, efficient and effective computational procedures need to be developed 
for structures of practical dimensions. 
2.2 Computational Methods 
The system failure event may be formulated as the union and/or intersec-
tion of individual events, the latter corresponding to the failure of a component 
or a failure mode of the system. The union of events is used in a series svs-
'" " 
tern, where the system fails if any of its component fails or any of the potential 
failure modes occurs. On the other hand, the intersection of even ts is used in 
a parallel system where the system fails only if all its constituent components 
fail. It is not uncommon for practical structures to exhibit the behaviour of a 
combination of series and parallel subsystems. 
12 
2.2.1 Component Reliability 
The loads on a structure are resisted by the numerous elements forming 
the structural system. Truss elements resist the loads either by uniD..xial tension 
or c<?mpression whereas for beam elements, the moment resisting capacities at 
the critical sections (that is, potential hinge locations) contribute to the safety 
of the structure. The potential hinges are n~)fmally located at the ends of each 
member and at concentrated load points. In this text, a component is used to 
denote either a member in the case of a truss or a potential hinge in the case of 
a frame. A. performance function, g(X), may be written for each component, 
where the component is said to have failed if g(X) < o. X is the set of random 
variables defining the capacities and loads. 
For components with linear performance function, having a mean, fJ,1' and 
standard deviation. a 9' the reliability (or safety) index is defined (A .. ng and Cor-
nell, 197 -!) as 
( 2.1) 
which can be shown to be equivalent to the minimum distance from the failure 
surface to the ori~n of the space of reduced variates (Hasofer and Lind, 1974). 
In the case of non normal variables, they are transformed into standard normal 
variates using normal tail approximation. For general nonlinear performance 
functions, multi-dimensional integration IS necessary. As a first-order approxi-
mation, the nonlinear failure surface IS approximated by a tangent plane at a 
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point on the failure surface (referred to as the most-pro bable failure point) 
such that the error in the estimated probability of failure is minimized (Shino-
zuka, 1983). Studies indicate that the first-order approximation is usually 
sufficien tly accurate (Hohen bichler and Rackwitz, 1983) for structural reliability 
problems where the random variables are well behaved and the failure surface 
does not contain discontinuities (Bennett and Ang, 1983). This. was further 
verified by recen t results using higher order analysis (Breitung, 1984; Madsen, 
1985) . 
2.2.2 Probability of Intersection 
A.s defined earlier, the intersection of events is involved when the failure 
of a system or subsytem_js determined by the failure of its constituent com-
ponents. In some cases, the system failure event is formulated as the intersec-
tion of events corresponding to the failure of its subsystems. Each subsystem 
failure event is formulated as the union of individual component failure events. 
The event. £,. referred to in this subsection may therefore be used to denote 
the event corresponding to the failure of a component or a subsystem. 
In general, the probability of the intersection of events may be written as 
the sum and difference of the probabilities of unions of events using an analo-
gue of Boole's inclusion-exclusion formula. The probability of the intersection 
of events may, therefore, be expressed as (Bennett and Ang, 1983) 
11 11- 1 11 11- 2 11- 1 11 
~P(EI) - ~ ~P(EIU E-~) + I: ~ ~P(EIU EJU Et ) - ( 2.2) 
1=1 1=1 ;>1 1=1 ;>1 k>; 
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where P(E1 ) is the probability of event EI , n denotes the intersection of 
events, and U denotes the union of events. Because the number of terms 
involved in Eq. 2.2 increases rapidly with the number of events, n, this formula 
is practical only when a small number of events are involved. In addition, the 
form ula is highly dependent on the accuracy of the pro bability of the union of 
events. 
Good approximation to the probability of the intersection of many events 
IS difficult to 0 btain in general. Bounding methods are often necessary. The 
simplest bounds are the first-order bounds given by (Ang and Amin, 1967) 
( :2 .3) 
This bound is generally wide; often the lower bound value is close to zero. 
Second-order bounds using the union of pairs of events are available and can 
be written as (Bennett and Ang, 1983) 
~ P(Ed - tmax{f2-.i-P(EI)+I:Ep(EIU E))], 0) 
1=2 t )=1 
~ maxiItp(E,l, [~lP(E'l - ,~ ~j; P(E,U Ell]] ( 2.4) 
in which TI denotes the product operation. For the upper bound, the summa-
tion term diminishes rapidly. Consider the contribution to this term for i = 3, 
which is given by maxi [P( EsU E2 ) +P( EsU E1)- P( E3)- 1], 0). In structural relia-
bility pro blems where events with small probabilities are involved, 
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P(E3L! E~)+P(E3U Ed is less than 1, implying that the net contribution to the 
summation term for i = 3 is zero. Similarly, the contribu tion to this term for i 
> 3 is zero for the same reason. Hence, the upper bound may be rewritten as 
(2.5 ) 
In the case of normal variables, expreSSIOns for special cases of the mul-
tivariate normal integral are available (Dunnett and Sobel, 1955; Hohenbichler 
and Rackwitz, 1983) and are sometimes used in the FMA. These are suitable 
when n is small and if each E, refers to the failure event of a single component 
(rather than to a subsytem composed of many components). 
2.2.3 Probability of Union 
The unIOn of events corresponding to the failure of components or the 
occurence of failure modes of a system is important in system reliability 
analysis. The union of events is involved when the failure of a system (or sub-
system) is determinE:d by the failure of any of its constituent components. 
Exact methods for evaluating the probability of the union of events will 
invariably involve multi-dimensional integration. By using the relation 
" " P(U E1 ) =1 - p(n Es) (2.6 ) 
1=1 ,=1 
multivariate normal integration for the intersection or its approximations as 
described above in Section 2.2.2 may be used to obtain the probability of a 
16 
unlOn. Bounding methods for the probability of a union are generally used in 
structural reliability problems because it is practical and often the bounds are 
narrow. The first-order bounds have been used especially when there is a dom-
inant event and are given by (Ang and Arnin, 1967) 
( 2.7) 
Second-order bounds had been proposed assumIng that the probability of the 
intersection of two events can be easily obtained (Kounias, 1968). Using graph 
theory, it was proven that a sharper upper bound can be obtained by ordering 
the failure·events using Kruskal's minimal spanning tree algorithm (Hunter, 
1976). The commonly used second-order bounds are given by 
2 PI Ed -'- ,~ma.x! ~(E,)- ;~lP( E,n El )]. 0) 
:s min ([~/( E,) - ,~ rr;:;~ P( E,n El ) ].1) ( 2.8) 
The bounds are shown to be exact for fully dependent failure events and rela-
tively close for independent failure events. However, the bounds could be 
wide for failure events with intermediate correlations and for events with large 
and equal failure probabilities. It is recommended that exact bivariate distribu-
tions for P( EI n E;) be used to insure narrowness of the bounds especially when 
a large number of events, n, is involved (Bennett and Ang, 1984). 
Higher order bounds are unnecessary since little improvement can be 
obtained beyond the second-order bounds (Hohenbichler and Rackwitz, 1983) 
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especially for structural systems In which the probability of failure 15 usually 
small. 
In some cases, point estimate for the pro bability of the union is required; 
for example when the probability of the intersection of the union of events is 
involved. A number of methods (e.g. Ma and Ang, 1981; Gorman, 1979) may 
be used; the simplest of which is the geometric average of the second-order· 
bounds. A.lternatively, the PNET method (Ma and Ang, 1981) may be used to 
obtain a point estimate. 
2.3 Monte Carlo Methods 
Large sample 110nte Carlo calculations may be used to evaluate the relia-
bility of structural systems. The methods used may be classified into direct and 
indirect methods. 
In the direct method, a set of values for the random variables, X, (that is, 
th e loads and componen t capacities) are generated in each trial. The structure 
is then analyzed to determine whether it will collapse using this set of com-
panent capacities under the generated loads. Many trials are used and the 
analysis repeated. The estimated probability of failure of the structure is given 
by the ratio of the number of failures of the structure to the total number of 
trials used. Obviously, the accuracy of this method depends highly on the 
number of trials used. For a given number of trials, n. and a system failure 
pro bability, Pr, Shooman (1968) estimated that with a confidence level of 95% 
18 
the error is 
H -P! % erro r ::; 200 np! ( 2.9) r 
The major disadvantage of this method is the time and cost involved especially 
when a small failure probability is expected, since a large number of sampling 
points is essential for a reasonable solution. The computing time also depends 
on the complexity of the structure because repeated analysis of the structure is 
necessary for each trial. On the other hand, this method is very general and is 
capable of solving complex problems, including those with components exhibit-
ing general material behaviour. As such, the direct method is usually used to 
validate'the accuracy of approximate methods. The method can be expected to r 
become more attractive with the advent and availability of parallel processing in [ 
supercompu ters, 
Indirect ivlonte Carlo simulations In structural reliability applications are 
used both as a computational tool and for v~rification purpose. Generally, the I 
performance function for each event, corresponding to a component failure or 
the occurence of a failure mode, are assumed to be available. In each trial of 
the simulation, a set of values are generated [or the random variables, X. l 
These values are used to evaluate the performance functions of the individual 
r 
events, For example, if the system failure probability is given by 
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where gIC:1'") are the performance functions of the respective individual com-
ponents. Using the generated set of X values, the gl(X) are computed. The 
next step in the computation depends on the method used. In one of the 
indirect methods, the computed values for the performance functions are 
checked against Eq. 2.10 directly to see whether it is satisfied. If Eq. 2.10 is 
satisfied, the system is considered to have failed in this trial. Using numerous 
trials, PI can be estimated as the ratio of the number of failures to the number 
of trials used. Alternatively, the system performance function, g5, may be 
used,--where 9s for the system corresponding to Eq. 2.10 is given by 
(2.11) 
In each triaL a value for 9s is computed. Using many trials, a frequency distri-
bution for 95 is obtained. The frequency distribution may be smooth out by 
curve fitting methods, where a polynomial function is often used. The proba-
bility of failure of the system is given by P(9s<O), obtained by integrating the 
fitted distribution curve in the domain where 95 is negative. In another method, 
no particular distribution is assumed. Instead, froln the computed set of gs 
values. the mean, JJ. 9,' and the standard deviation, (J 9,' are evaluated. The 
estimated relia.bility index of the system is given by JJ.g/(Jg, Note that by using 
, , 
the g5 values~ a large number of trials need not be used to obtain the system 
failure pro bability. The accuracy of such methods, especially with respect to the 
number of trials required for a given probability, has so far not been investi-
20 
gated. It should be emphasized that the indirect methods assume that the 
relevant equations (such as Eq. 2.10) are available and correct. As such, one 
must be cau tious in using this method for verification purposes. 
Since the major problem of Monte Carlo methods lies in the large number 
of trials required, variance-reduction techniques are often used to overcome 
this pro blem. By employing such variance-reduction techniques, the sampling 
error is reduced without increasing the number of trials. A. useful technique 
currently used in structural reliability is the importance sampling technique. 
The essence of the importance sampling technique is that random samples 
of the variables are generated from the region within which the failure of t.he 
structure is most likely to occur (that is, in the region of high likelihood around 
the most probtlble failure point). l\ correction factor must be applied in each 
tritll (to normtllize the probtlbilities) since smtlller ranges of the variables are 
used in the simultltion. Take for exanlple the case where samples are generated 
from a rectangular do.main~ say of area, A, around the most likely failure point 
and the samples within this area are assumed to be uniformly distributed. The 
correction factor to be applied in each trial is A*!(.!;), where !(.) is the joint 
probability density function of the random variables X, and .!j is the values of X. 
generated in the ;th trial. Hence, if a component fails in the jth trial, the 
number of failure (that is, 1) is multiplied by the correction factor." For a given 
number of trials, n, the estimated probability of failure is given by 
(:2.12) 
t.: i 
I 
[ 
[ 
l 
r 
f 
l 
j' 
J 
1 
I 
] 
"; 
1 
I , 
0"1 
\ 
J 
21 
in which 8) =1 if failure occurs and 0 otherwise. It should be emphasized that 
the region to be used in the sampling must first be identified, and the assumed 
distribution of the points within the selected region need not be uniform. Gen-
eral guidelines as to the optimal distribution to be used have yet to be formu-
lated. 
Other established variance-reduction techniques include the con trol variate 
technique, the an tithetic variate technique and the correlated sampling tcch-
nique. Detailed discussions of these techniques are given in Bennett and Ang 
( 1983)" and Ang and Tang (1984). 
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( a) 
( b) 
Fig. ~.l Venn's Diagram for the Union of Events 
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Fig. 2.2 Venn~s Diagram for the Complement of the Union of Events 
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CHAPTER 3 
TIlE ST.ABLE CONFIGURATION APPROACH 
AND RELATED APPROXIMATIONS 
3.1 General Remarks 
For the class of structural systems that are built up of elements of ela.sto-
plastic (or ductile) material such as mild-steel, the FivLA. ha.s proven t.o be 
effective, provided that the dominant collapse mechanisms of the system can be 
easily found. This is due to the fact that for each mechanisill, a linlit state 
equation can be obtained independently of the sequence of the hinge forma-
tions. For general structures with combined ductile and brittle components (i.e. 
components with no residual strength when their ultimate capacity· is 
exceeded), the collapse of the system is a function of the failure sequence of its 
constituent components. For this class of structures and those having brittle 
components only. the number of potential failure modes is increased dramati-
cally, such that the FylA becomes cumbersome and ineffective. This situation 
arises with any structure of practical complexity where the number of potential 
failure modes under a given loading condition becomes too large to be 
enumerated and the major failure modes may be difficult to identify. The SeA 
is more eff ective for highly indeterminate structures since only the dominan t 
stable configurations are essential, most of which involve few failed members. 
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This is most 0 bvious for structures having brittle componen ts only. 
In this chapter, the theoretical formulations and physical interpreta.tions of 
the SeA are presen ted. Necessary simplifications for practical implementations 
are introduced. The practical implications of the method especially for highly 
in determinate structures are examined. 
3.2 Basic Graph Theoretical Concepts and Interpretations 
For a given engineering structure, a directed graph consisting of nodes and 
branches may be constructed depicting the possible sequences of componen t 
failures that the structure may undergo when transiting from the initial state to 
the collapse state. Such a graph is also termed a failure graph since it is a graph 
of failure sequences. i\n example of a failure graph is shown in Fig. 3.2 for the 
structure given in Fig. 3.1. 
Each node of the graph is related to a particular configuration of the struc-
ture, for example in Fig. 3.2 the initial node, (0), is related to the initial 
configuration of the structure and the terminal node, (1,2,3), denotes the col-
lapse state of the structure where members 1, 2 and 3 have failed. Except for 
the terminal node(s), each node of the graph physically represents a 
configuration of the structure that is geometrically and statically stable under 
the applied load. The physical configurations corresponding to the respective 
nodes of Fig. 3.2 are given in Fig. 3.3. 
26 
The branches of the graph represent the failures of the components. In rela-
tion to Fig. 3.2, branch Bl denotes the failure of bar 1 when the structure is at 
its initial configuration whereas branch B31l •2 denotes the failure of bar 3 when 
the structure is in the configuration in which components 1 and ~ have failed. 
/\.. path is defined as the set of branches linking the initial node to the ter-
minal node. The path, whose branches are B l , B211 and B 3Il •2 , represents the 
sequence 0 f failure of the structure where bar 1 fails first followed by the 
failure of bar 2 and then bar 3. A path from the initial node to the terminal 
node constitutes a failure mode (or sequence of component failures) of the 
structural system. A collapse state represented by the terminal node can either 
be local or total collapse of the system. If anyone path is realized, then the 
structure fails. For a path to be realized, all the branches constituting the path 
rnust be realized; that is, all the components represented by the branches must 
fail in the sequence indicated by the corresponding path. 
A cut- set is defined as the minimum set of branches which, when removed 
from the graph will separate the failure graph into two portions --- one contain-
ing the initial configuration and the other containing all the collapse 
configurations. Examples of cut-sets are Go, GI , and Gl ,::! as shown in Fig. 3.2. 
Observe that a cut con tains only one branch from every possible path of the 
failure graph. A cut-set, Gil is said to be realized if all the components in the 
cut-set survive. If anyone of the cut-sets is realized, the structure survives 
since no path will be possible. 
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3.3 The Concept of the Stable Configuration Approach 
3.3.1 Mathematical Formulation 
By virtue of the fact that a structure will survive if anyone of the cut-sets 
is realized, the event that the structure survives, E, can be defined as the union 
of all the cut-sets, that is, 
(3.1 ) 
where Cl IS the cutrset i, n is the number of possible cutrsets in the failure 
graph, and E is the complement of E . . For a cutrset to be realized, all the com-
ponents constituting the cut must survive, that is, 
(3.2 ) 
where ~J is the survival of component j in cutrset i and k is the total number of 
components in the cutrset. Applying De Morgan's rule, the event correspond-
ing to the failure of the system is 
n n t 
E = n ~ = n (U E,;) ( 3.3) 
1=1 1=1 ;=1 
Either Eq. 3.1 or 3.3 may be used to determine the reliability of a system. 
Eq. 3.2 involves the intersection of individual even ts, from which the system 
survival event is given by the union of these intersections, as defined in Eq. 
3.1. On the contrary, Eq. 3.3 involves the union of individual events followed 
28 
by the intersection of these unions. If bounding techniques are used, Eq. 3.3 is 
preferable since reasonably narrow bounds exist for the pro bability of the union 
of events, whereas the bounds for the probability of the intersection of events 
are wide in most cases. 
3.3.2 Relationship Between Cut-set and Stable Configuration 
Consider the structure of Fig. 3.1 which has m (= 3) componen ts. One of 
its damaged states is given by the configuration corresponding to node (1,2) in 
Fig. 3.3 with two failed components, namely components 1 and 2. Denote the 
set of failed components as L (where II =1 and 1'2 =~) and the number of 
f aile d com pone n t.s as (= 2). The remaining component in this 
configuration that has not failed is component .3; that iS 1 the set of components 
that have not failed. i.J, is 51 (= 3). vVe shall refer to this damaged state as the 
current configuration. The event corresponding to the further damage of the 
current configuration may be written as 
s( 1 .... ) = (93\ Xl <0] 
.- - (l.~) 
( 3.4) 
The subscript (1.2) on the right hand side of the equation IS used to indicate 
that the performance function, g3(X), for component 3 is defined for the 
configuration with failed components 1 and 2. 
For the structure to be in the current configuration, it is assumed that 
component 3 does not fail before components 1 and 2 fail. This may not be 
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true; that is, the structure may never reach this particular configuration. This 
occurs when 
(i) component 3 fails first In the initial state of the structure, gIven by the 
(ii) componen t 3 fails after component 2 has failed given that componen t 1 has 
not f ailed, defined by (g sCY) < 0 )(2)' or 
(iii) components 3 fails after component 1 has failed gIven that component 2 
. 
Therefore, the event that there is further damage to configuration (1,2) or 
the structure never reaches this particular configuration would be 
(3.5 ) 
This is equivalent to the event, C\,2, as illustrated in Fig. 3.2. To 0 btain the 
performance function, gaLK), relative to G\2) the configurations corresponding 
to (O), (1), (2) and (1,2) are required. The failed components in this set of 
configurations are subsets of the set of failed components in the current 
configuration, that is, components 1 and 2. In general, for a current 
configuration with the set of failed components L, i=l,2, .. ,m" the required 
configurations to derive the relevant performance functions are the 
configuration corresponding to the initial state of the structure, C~f 
configurations with one failed component, C;! configurations with two failed 
components, _.-_, C;:_l configuration with mf-l failed components, and the 
30 
current configuration. The failed components in these configurations are sub-
sets of Land Ci denotes all the com binations of k chosen from j. This set of 
configurations will be denoted here as E. Note also that the required perfor-
mance functions obtained from these configurations are those corresponding to 
the components that have not failed, J.J, in the current configuration. 
In summary, the physical interpretation of el , is the even t that there is 
further damage to the configuration of the structure with failed components 
given by the set L, or this configuration is never reached. In mathematical 
terms, 
( 3.6) 
3.3.3 Illustration of Theoretical Concepts 
To illustrate the mechanics behind the SeA., assume that the three bars in 
Fig. 3.1 share the load equally and exhibit brittle behaviour. For this system, 
the events that each of the cut-sets will not be realized may be expressed as f01-
lows: 
- T T T 
Co =(Rl - -<O)U (R2 - -<O)U (R3 - -<0) 3 3 3 ( 3.7) 
( 3.8) 
( 3.10) 
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(3.11) 
( 3.12) 
(3.13) 
where R, and T are the random variables for the capacity of component i and 
the load, respectively. The initial damage to the system corresponds to Co of 
Eq. 3.7 and the corresponding failure surface is shown in Fig. 3.4a. If the cut-
sets related to those configurations with one failed member are considered, that 
is, GIl c~ and C3 , the intersection of these events with Co will give a correspond-
ing failure surface shown in Fig. 3.4b. This r"ailure surface will give a closer 
approximation to the correct failure surface than that of the initial damage (Fig. 
3.4a). The safe region bounded by the surfaces has decreased and the 
corre5ponding failure pro bability will approach the correct probability from 
above. By considering the remaining three stable configurations with two failed 
members. corresponding to the events of Eqs. 3.11-3.13, the exact system 
failure event is then given by 
( 3.14) 
The exact failure surface corresponding to this event is shown in Fig. 3.4c. It 
can be 0 bserved that the initial damage pro bability is a first approximation In 
the SeA. By considering other configurations and taking the intersection of the 
events associated with these configurations, the safe region bounded by the 
32 
approximate failure surfaces is successively reduced approaching the exact solu-
tion as more configurations are considered. 
3.3.4 Practical Limitatior...s and Approximations 
In a structure composed of m componen ts, there are at most 217t_ 1 possible 
stable configurations; the actual number will depend on the topology of the 
structure. To compute the probability of collapse of the structure, all the stable 
configurations should be considered. For practical purposes, however, only a 
limited number of configurations can be considered unless m is very small. For 
example, if m = 10, the number of possible stable configurations may be as 
high as 10~3! Hence, in practical applications of the SeA, only the stochasti-
cally dominant stable configurations will be considered. For this purpose, a sto-
chastically dominant stable configuration may be defined as follows: 
A configuration is considered stochastically dom£nant z/: (1) the transdion p'robabzlity 
from the in-ilial configuration to the current configuration is significant; and (it) tile 
probability of further da'mage to the current configuration £8 small. 
Take for example c1 in Fig. 3.~. In order for it to be dominant, the failure pro-
bability of B1 must be larger than that of B~ or B3 and the damage probabilities 
of B211 and B311 are small. This will ensure that the probability of C1 correspond-
ing to the configuration of node 1 (or, in short, the failure probability of the 
configuration) is small and thus will significantly contribute to the probability of 
the intersection. In terms of the limit state surfaces, a larger volume of the 
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sa! e region will be removed when the in tersection of the events corresponding 
to the configurations having small failure probabilities are involved. In the 
actual implementation, the dominant stable configurations are first determined 
using the branch probabilities of the preceding dominant configurations. The 
newly identified configurations may then be analyzed and the failure probabili-
ties of these configurations computed to establish their significance to the pro-
bability of the in tersection. 
In addition to using only the stochastically dominant stable configurations, 
the number of essential configurations is further reduced due to the fact that 
the configurations comprising few failed members are more critical than those 
with b.rge number of failed members. This is especially true for struct.ures with 
brittle comrnnents ;lnd is best exemplified with the three-bar structure of Fig. 
3.1. :3t~~r" ~~ e;lch bar independently has a mean rupture strength of 75 kips 
and a ('(,,,'~11'!entof variation (CO\t) of 15 percent, subjected to a mean force of 
1~0 k:;-, \\::h ~5 percent COV. The probabilities associated with the three 
fallul"·< "\;~~.1'f·~ of Fig. 3.4 are 0.0275, 0.0:239 and 0.0239. TIle improvement in 
tb€' f..i. ; •• :~bability from the intersection of the events corresponding to 
tbO<;f ! :.~:';~atloDs with more than one failed member is negligible in this 
exam rip ::.~ f- computed collapse probability of 0.0239 compares favourably 
with that of 0.0::;38 obtained through numerical integration (Ang and Tang, 
1984). Similar trends are observed for the same example using different statis-
tics as summarized in Table 3.1 below. 
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Table 3.1 Results for Three Bar Example 
Load (kips) Pro b ab iIi ty 
f.L COV 1 configuration 4 configurations 7 configurations 
100 0.~5 0.004~8 0.00306 0.00306 
1~0 0.~5 0.0~75 0.0239 0.0239 
120 0.40 0.0792 0.0753 0.0753 
160 0.25 0.2164 0.2098 0.2098 
(A.ll resistances have mean 75.0 kips and 1.5% COV). 
In the case where all the members are elasto-plastic 1 the improvement in 
the failure probability with each intersection is less dramatic. Using the same 
statistics as before, the respective failure probabilities considering 1, 4 and 7 
configurations are 0.0~7.5, 0.00.34.5 and 0.00167, respecti\"ely. The st.rategy is 
th ere fore to co ns ider more of those co nfiguratio ns with rev .. ' me m be rs failing: 
especially for systems with brittle components. 
\A/hen compu ting the failure probability of each configuration, all the 
events in Eq .. 3.6 should (theoretically) be used. This requires that all the 
intermediate configurations must first be analyzed in order to obtain the perfor-
mance functions in Eq. 3.~. As a simplification, a subset of the performance 
functions may be used in theSCA, approximating Eq. 3.6 by 
(3.15) 
\"here the notations are defined earlier. Since Eq. 3.15 involves tp.e union of a 
smaller number of events than is theoretically required, the computed failure 
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probability of the configuration will be underestimated. To illustrate, suppose 
bars 1 and 3 of Fig. 3.1 are brittle and bar :2 is elasto-plastic. The failure graph 
and the performance functions of the components are given in Fig. 3.5. The 
Cli t-set, (71,2, may be approximated by 
(3.16 ) 
The limit state surface associated with the above approximation is shown in Fig. 
3.6 (the corresponding exact limit surface is shown in dotted lines). Using the 
same statistics as the corresponding brittle system, the system failure probabil-
ity is found to be underestimated by 6% and the safety index overestimated by 
For structures with all the components exhibiting brittle behaviour, and for 
those in which the failure of a component will result in a significant reduction 
of the system reliability, Eq. 3.15 is a good approximation. Consider the limit 
state equations of Eqs. 3.8 and 3.11. They can be simplified without any 
approximation to 
( 3.17) 
( 3.18) 
which are essen tially the events corresponding to the further damage of the 
configurations corresponding to nodes (1) and (1,2)' respectively, of Fig. 3.:2. 
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3.3.5 Practical Implications 
The SeA with the approximations described above appears promising for 
large indeterminate structures. For such structures, the number of potential 
failure modes as well as the number of stable ~onfigurations could be extremely 
large. However, with the SeA, using only the dominant configurations involv-
ing few failed components may be sufficiently accurate, particularly for brittle 
structures. This implies that not only is the magnitude of the problem reduced 
in view of the smaller set of configurations to be analyzed: but also the 
identification of the dominant configurations is less involved ... t\lthough the use 
of a limited number of" configurations will introduce some degree of conserva-
tism, this may be minimized by using the dominant configurations. 
The use of a smaller set of branches in each configuration, that is Eq.·· 3.1·5 
In place of Eq. 2.6. will significantly reduce the complexity of a problem. Only 
the performance functions of the components in the present configuration and 
those in the inlt13,j c'1ofiguration need to be considered; this leads to a smaller 
set of even t.s In tbt> p\·l.iuation of the union. 
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I Fig .. 3.1 Three Parallel Bar Structure 
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CHAPIER4 
COMPUTA'IlONAL TECHNIQUES 
4.1 General Remarks 
A. .. s discussed in Chapter 3, the SCA formulates the system failure event as 
the intersection of the union oi component failures. In terms of the perfor-
mance function (symbolically written as g(X)), the failure of a component is 
defined as g(X)<O. The event corresponding to further damage of a 
configuration of a structure is formulated in the previous chapter as tlie unIOn 
of component failures. The probability associated with this event is referred to 
as the failure probability of the configuration. The system failure probability· is 
given by the pro bability of the intersection of the various possible configuration 
failures of the structure. Therefore, the major computational steps in the SCA 
may be broadly classified as 
(i) generation of performance function for each component; 
(ii) computation of component failure probabilit-y; 
(iii) computation of failure probability of each configuration; and 
(iv) computation of system failure probability. 
It is also shown that for the SCA to be of practical use, approximations will be 
necessary. Specifically, the approximations include (a) using only a limited 
number of significant configurations, and (b) using only a subset of component 
University cf Illinois 
Metz RGfc~~~c~ ~oo~ 
208 N. Romine street 
Urbana, Illinois 61801 
42 
failures in each configuration. 
In this chapter, the computational techniques adopted for each of the steps 
listed above are discussed. The limitations of these techniques are examined 
and then a general algorithm is suggested for evaluating the reliability of a 
given structure. Criteria for selecting the configurations to be used are also 
indicated. 
4.2 Generation of Performance Function for Each Component 
The ability of a component, i, to withstand the imposed loadings may be 
defined in terms of a performance function of the form 
( 4.1) 
where {R} and {Q} are the column vectors of the resistances and loads, respec-
tively. The row vectors of coefficients, a l and bl , are obtained from an elastic 
analysis of the current configuration of the structure. A component is con-
sidered to have failed if g(X) <0. 
Consider the simple truss structure of Fig. 4.1a. From an elastic analysis 
of the initial structure, the performance function for each mem ber may be 
defined. As an example, the performance function for member 3 is given by 
( 4.2) 
where Q is the applied load and R 1+ is the tensile capacity of member i. 
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When some components of the structure have failed, the performance 
functions of the surviving components in the damaged structure may also be 
obtained from an elastic analysis of the remaining structure, taking into account 
the behaviour of the failed components in the analysis. Consider again the truss 
stru cture. Suppose mem ber 2 has failed in tension. The reduced structure is 
shown in Fig. 4.1b, where member 2 is removed from the initial configuration 
of the structure. If member 2 has failed in a brittle mode (that is, having no 
residual strength when its· ultimate capacity is exceeded), then an elastic 
analysis is performed for the reduced structure (with member 2 removed) and 
the performance function for member 3 is given by 
( 4.3) 
Instead of a brittle failure, suppose member 2 has an elasto-plastic behaviour. 
This implies that member 2 continues to resist its share of the load, equal to its 
tensile capacity, even though it has yielded. In this case, besides removing 
member ~. a force of R 2+ (shown in Fig. 4.1b) simulating its residual capacity is 
applied to the reduced structure when performing the elastic analysis. There-
fore. the performance function for member 3 is given by 
( 4.4) 
To illustrate the performance functions of components of plane frame 
structures, consider the example of Fig. 4.2a. From an elastic analysis of the 
initial structure, the performance function for the section at the right end of 
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member 2 (i.e. potential hinge number 3 in Fig. 4.2a) may be expressed as 
g3CK) = M 3- - 0.063 Q ( 4.5) 
where Q is the load and M 1_ is the negative moment capacity of member i. If 
the left end of member 1 (i.e. potential hinge 1) is assumed to have failed, 
then a hinge is introduced at this end of the member, resulting in the reduced 
structure given by Fig. 4.2b. Consider first the case where the negative momen t 
capacity at the left end of member 1 is negligible upon failure (that is, a brittle 
failure). To 0 btain the performance functions for the potential hinges 2 and 3, 
an elastic analysis is performed using this configuration of the structure where 
an actual hinge has been introduced. The stiffness matrix for member 1 used 
in the analysis is now of the form given in Fig. 4.3a, and the performance func-
tion for node 3 of this configuration would be 
( 4.6) 
If the section at node 1 is elasto-plastic, the residual.momen t capacity should be 
accounted for. In this case, besides introducing a hinge as in Fig. 4.~b, addi-
tional forces are applied at the hinge (see Fig. 4.3b) representing the section 
capacity. From an elastic analysis of the damaged structure, with the additional 
applied forces, the performance function for node 3 becomes 
( 4.7) 
The above method of elastic analysis has been widely applied In deter-
ministic analysis (~forris, 1967) and is recently used in stochastic problen1s 
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(i\t1elchers, 1985; Murotsu, 1984, 1985). 
4.3 (Amputation of (Amponent Failure Probability 
The state-of-the-art for calculating the failure probability of structural com-
ponents is well established (e.g. Ang and Tang, 1984). In particular, the firstr 
order second-moment method is used widely to evaluate the reliability of struc-
tural components. That is, for a component with performanc.e function, g(X), 
only its mean, Il;, and standard deviation, t7 9' are used in the computation; in 
the case where g(X) is nonlinear, first-order approximation (corresponding 
geometrically to a tangent hyperplane) of the actual failure surface at the mostr 
probable failure point is used. The reliability index of a component may then be 
defined as the rat.io of I1g/t7g. 
For components with linear performance functions 
11 
i = a 0 ~ ~ a 1 ~Y; ( 4.8) 
:=1 
where t: ... · ~ ..... n.jom variables, x;, are assumed to be normally distributed, the 
rel1atlL~'. !r; jv~ I~ given by (Ang and Tang, 1984) 
11 
11" ~ ~ a. 1I tf 
" ..:.-J'~ ", 
,=1 
/. 11 
V ~ \' a a p t7 Nt7 .v ~.-J 1 ) I) X; Xl .-1;=1 
(4.9 ) 
In which PI: is the correlation coefficient between .x-; and x;, and Il.~ and t7.\ 
denote the mean and standard deviation of the random variable -,Y,. The proba-
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bility of f:lllure of the component may then be estimated using 
( 4.10) 
In the cnse of non-normal variates, equivalent normal distributions can be 
derived, and the corresponding means and standard deviations are used in Eq. 
-1.9. These are found by approximating the non-normal distribution by an 
equivalent normal such th<lt at the most-probable failure point, the cumulative 
probability ns \veIl ns t.he probability density ordinate of the two distributions 
are equal. 
The accuracy of the first-order second-moment method h<1.5 been evaluated 
by various rese:lrchers (e.g. Schueller et aI, 1986). \Vith linear performance 
functions. the error depends on how close the distribution of each ranuom vjri-
able is to the normal distribution. TIle estimated m<l.'(imum error in the corn-
ponent failure probability for structural problems with random variables having 
extremal type distribution is approximately ~O% although the corresponding 
error in the reliability index may be only 4% (Bennett and Ang, 198.'3). 
4.4 Computation of Failure Probability of Each Configuration 
As discussed in Section 3.3.~, the non-realization of a cut-set ( correspond-
lng to a configuration of a structure) is equivalent to the event that there is 
further damage to this configuration or the structure never reaches this 
configuration. The generation of the relevant performance functions for the 
componen ts corresponding to the further damage of the structure in a particular 
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configuration has been discussed in Section 4.2. However, to obtain the 
relevant performance functions corresponding to the event that the structure 
never reaches a particular configuration is very involved (see Section 3.3.2). 
As a simplification, only the performance functions obtained by considering the 
initial danlage to the structure are used in addition to those derived for the 
further damage to the current configuration. For certain class of structures 
(e.g. brittle parallel systems) ~ this formulation is exact, whereas in general, it 
involves approximations. Therefore, in the actual computation of the failure 
probability of each configuration involving the union of component failures, 
only a subset of the failure events is used, as given in Eq. 3.15 and exemplified 
by the three- bar problem discussed earlier. 
The second-order bounds for the probability of a union is used to compute 
the failure probability of each configuration, given as follows: 
pf~lBIJ 
p!U BI] 
.=1 
~ min(ft p (B1 ) - t max p(Bln B))], I} ~=l 1=2 )<1 
2: P( B,) + ,tmax( r( B,}- ;~lP( B,n BJ } J 0 I 
( 4.11) 
( 4.12) 
The bounds increase with the number of events, Ell particularly those with 
large pro babilities. To ensure narrowness of the bounds, the even ts are 
ordered and the bivariate normal distribution for the intersection of two events 
are used in the computation. 
For the upper bound, ~he events are ordered using the spanning tree algo-
rithm developed in graph theory. To illustrate the concept behind this 
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algorithm, consider an example with four events. Each event is represented by 
a node in the graph of Fig. 4.4a and the length of the branch joining two nodes 
is used to represent the joint probability of the two events represented by these 
two nodes. From Eq. 4.11, it can be seen that the second summation in this 
case has three terms, all involving the joint events. The first summation is 
constant for a given problem and hence, the upper bound is lowest if the 
second summation is highest. Note that the three joint events used in Eq. 4.11 
must be such that the corresponding branches in the graph do not" form a loop 
(that is, they form a tree structure, see Fig. 4.4b). Hence, the tree with the 
longest length \vill produce the best second-order upper bound for the probabil-
ity of a union. In the spanning tree algorithm, the branch with the longest 
length is selected first, say B 1B'2' The next branch to be selected will be the 
Suppose B1B3 is selected. The last branch to complete the tree is chosen from 
length. The corr~ ... ponding tree is shown in Fig. 4.4b. 
The ordl>flolZ; for the lower bound is different from that of the upper 
bound. First, th .. t'\ ~ot with the highest probability is selected, say P(B 1). The 
next event, 8" c. the one such that P(B1)-P(BrB 1) is maximized, say at B 2-
Similarly, the folLnqog event to be selected is the one which maximizes 
P(B,)-P(B,Bd-P(B,Bz)' say B37 leaving B4 as the last event to be used in the 
computation. 
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Both the upper and lower bound algorithms have time complexities of the 
order of n2 , where n is the number of events used. Hence, by considering the 
fact that the number of events used for the computation of the failure probabil-
ity of a configuration can be large for structures of practical complexity, higher 
order methods for computing the probability of a union would be difficult to 
implement. 
To compute the system failure probability, the failure probability of each 
configuration is used. For this purpose, a point estimate rather than the 
bounds for the failure probability of each configuration is preferred. The 
.geometric average of the second-order bounds for the probability of a union is 
found to be suitable for this purpose. Using the numerical examples of lYra and 
:\ng (1981), the geometric average and the arithmetic average of the bounds 
are compared with the corresponding results from Monte Carlo simulations, as 
tabulated in Table 4.1 and plotted in Fig. 4.5. In general, the geometric average 
agrees better with the sim ulated results than does the arithmetric average. 
Using the geometric average, the possible range of errors for the cases con-
sidered are shown in Fig. 4.6. It can be seen that the maximum error underly-
ing this point estimate is approximately 20% 
4.5 Computation of System Failure Probability 
The system failure probability involves the intersection of the unIons of 
events. Theoretically, this may be computed using an analogue of Boole's for-
50 
mula as follows: 
11 11 11- 1 11 11- 2 11- 1 11 
p(n C;) = z=P( G;) - z= z=P( C;u ~) + z= z= z=P( C;u ~u Gt ) - ( 4.13) 
1=1 1=1 1=1 J>I 1=1 J>I k>; 
Each event, C;, corresponds to a configuration of the structure~ which in turn 
involves the union of component failures. Eq. 4.13 can involve extensive 
computations since the number of terms grows rapidly with the number of 
events. However, for the intersection of the events corresponding to the initial 
configuration of the structure and all the configurations with only one failed 
componen t, the formula may be simplified without any approximation to 
t t t 
P( n G;) = :E P( G;) - z= P( G1U GJ ) ( 4.14) 
1=1 1=1 J="2 
where c1 is the event corresponding to the initial configuration and k is the 
number of configurations with at most one failed component. As an illustra-
tion, consider the partial failure graph of Fig. 4.7. There are four nodes, where 
node 1 corresponds to the initial configuration of the structure and nodes 2, 3 
and 4 correspond to configurations with one failed component. The intersec-
tion of the four events corresponding to these four configurations using Eq. 
4.13 will involve 15 terms, as listed under rows··1 through 15 in Fig. 4.7 includ-
ing the signs for the corresponding probabilities. It can be seen that the proba-
bilities of the following pairs of rows cancel each other out: rows 8 and 11, 9 
and 12, 10 and 13, and 14 and 15; thus, leaving only the terms under rows 1 
through 7. The remaining terms are exactly those required in Eq. 4.14. Eq. 
4.14 IS always used In the proposed SeA for estimating the system failure 
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pro bability. 
To improve the upper bound pro bability, events corresponding to 
configurations with more than one failed component are necessa.ry in the com-
putation of the probability of the intersection. In general, Eq. 4.13 is not 
recommended for this purpose because it is quite involved computationally and 
no simplification is possible. Instead, the second-order bounds for the probabil-
ity of the intersection may be used which are given by 
(4.15) 
( 4.16) 
However, it is found that for large systems, the bounds are wide, with the 
lower bou nd approaching z"ero if many configurations are used. Therefore, the 
lower bound computed can be very unconservative. In the absence of a more 
efficient method for computing the probability of the intersection, the system 
failure probabilit)' may be approximated by the second-order upper bound given 
in Eq. 4.15. 
Higher order methods are available but not recommended from the point 
of computatIOnal efficiency. Consider the case involving the intersection of 8 
events. ~A..s a third-order approximation, Eq. 4.13 is used with n = 3. There 
are 56 possible sets of three even ts. The probability of the intersection of each 
set must be evaluated, the minim urn of which will give the best third-order 
estimate. In this case, Eq. 4.13 must be evaluated 56 times. Alternatively, a 
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simpler method is to use Eq. 4.15, from which the two pairs of events produc-
ing the hvo lowest pro bability values may be identified during the second-order 
computation. Using these four identified events (or three events, because one 
event is often repeated), a subset of the third-order computation may be per-
formed. The improvement in the result is generally no better than the second 
s ignifican t fig-ure of the second-order probability. 
For systems with a large number 'of dominant configurations, Eq. 4.15 may 
also become computationally very involved. For example, if there are 40 dom-
inant configurations, 780 pairs of events must be considered. Hence, only a 
su bset 0 f the dominant configurations is recommended in such cases. 
4.6 General Algorithm for the SeA 
In the light of the above discussions, the following algorithm is suggested. 
(i) ~';'nalyze the initial configuration, compute the failure probabilities of 
the components and the probability of damage to the initial structure. 
(ii) For an upper bound estimate of the system failure prQbability, the 
dominan t configurations with one failed componen t are investigated. These 
configurations are selected using the following, criterion. If Pd and Pb are the 
maximum ductile and brittle component failure probabilities of the structure in 
its initial configuration, then those components having failure probabilities 
(with respect to the initial configuration) greater than max (8 1 * Pd, '''1) or max 
(8 1 * Pb, I), depending on the failure behaviour of the component, are each 
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assumed to fail to give the set of dominant configurations (with one failed com-
pan en t) for further analysis. I is the maximum accuracy that can be obtained 
from the computational method used (approximately 10- 7). 01=0.01 is found to 
be suitable for most problems. The upper bound estimate, Pu , may then be 
computed from Eq. 4.14. 
(iii) To improve the upper bound estimate, the dominant configurations 
with more than one failed component are used. These are selected using less 
stringent criteria since those configurations with more than one failed com-
ponents have less significant contribution to the system failure probability. 
Suppose the configuration currently analyzed has mj failed components. 
. ..\ssume that the probability of failure of each component in this configuration 
has already been compute.s!. Then the next set of dominant configurations, 
with (mj +1) failed components, is obtained by assuming each of those com-
ponents with failure probability greater than 10m,-1 * 0'2 * Pu (in the current 
configuration) to be the next component to fail. 0'2=0.1 is recommended. For 
systems with all the com.ponents exhibiting brittle behaviour, it is generally 
found that configurations with more than two failed components are 
insignificant, and hence the cut-off component failure probability of 
100 mr 1 *0 2 * Pu may be used instead. Each selected configuration is analyzed 
and the failure probability of the configuration computed. To reduce the 
number of configurations (to be considered in the intersection later), it is 
further recommended that configurations with pro babilities greater than 03 * Pu 
54 
be neglected since they are most likely insignificant to the probability of the 
intersection. 63= 10 appears satisfactory for all the cases examined. 
(iv) Once all the dominant configurations are analyzed, an estimate of the 
system failure probability (using Eq. 4.15) may be obtained through the in ter-
section of the events corresponding to these configurations. A maximum of 
twenty configurations is suggested to be used in Eq. 4.15. These are chosen 
from those configurations with the lowest probabilities. 
A block diagram of the algorithm is given in Fig. 4.8. 
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- le~g,~~. or :'r.~!Tlber 
( b) Reapplied .forces 
Fig. -1.3 ~vlodification5 for Beam with Left End Failed El3Sto-pbstically 
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( a) 
( b) 
Pig. 4.4 The Spanning Tree 
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Table 4.1 Point Estimates for the Probability of a Union 
Geometric Arith metic 
Monte Carlo Sim ulation 
No. of Lower Upper 
Mean 
Eve n ts Bound Bound Average Average Probability No. of Trials 
6 .0367 .0448 .0405 .0407 .040 20,000 
')~ 
.. 0 .00252 .00371 .00306 .00312 .0025 150,000 
44 .00188 .00235 .00210 .00211 .0017 150,000 
:25 .000112. .000152 .000130 .000132 .000114 800,000 
III .071 .298 .145 .184 .116 5,000 
48 .115 .220 .159 .167 .135 5,000 
10 .0113 .cf188 .0145 .0151 .0149 28,000 
:20 .0558 .133 .0851 .0944 .0764 5,000 
25 .000159 .000199 .000183 .000184 .00019 500,000 
19 .0302 .0407 .0351 .0355 .0345 15,000 
1:2 .0459 .1110 .0714 .0785 .0735 5,000 
P( computed) 
P( sim.ul ated) 
1.5 
1.0 
; 
-11 
~ ~ 0 ~ 
.) 
.3 5 
60 
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Legend 
A ari thm etic ave rage 
o 
o 
-I 
g e 0 m e tri c a v e rag e 
seco nd-orde r bo u nds 
8 9 10 11 
cases 
Fig. 4.5 Second-Order Point Estimates for the Probability of a Union 
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Componen t Failures 
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aubucuguhu i 
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au bU cU dU t!U fu gu hU i 
au bU cU dU t!U fU kU lU m 
aubucuguhuiukulum 
au bU cU dU eu fU gu hU iU kU IU m 
au bU cU dU eu fU gu hU iu kU lU m 
Note the following equal pairs: (8,11)' (9,1~), (10,13), (14,15) 
Fig. 4.7 Example of Events U sed in the Intersection 
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8 
I 
elastic analysis of initial structure 
compute com pone nt failure probabilities 
compute initial dam~e probability 
select dominant configurations with one failed component 
analyze all selected configurations 
com pu te pro bability of each co nfiguration 
, 
compute upper bound estimate of system failure probability 
se Ie ct do mi na.n t; co n fi gu ratio ns wi th 
more than one failed component j 
I 
analyze configuration and 
com pu te con figuration pro bability 
y 
compute the system failure probability 
Fig. 4.8 Block Diagram of General A.lgorithm 
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CHAPTER 5 
NUMERICAL EXAMPLES 
5.1 General Remarks 
/\ number of frame and truss structures are presented and analyzed using 
the algorithm and computational tech?iques described in Chapter 4. Com-
ponents exhibiting brittle (that is, having no residual strength once its ultimate 
capacity is exceeded) and elasto-plastic (that is, with residual capacity equal to 
its yield strength) behaviour are considered. Simple examples are first exam-
ined where the results obtained using the proposed approximate method are 
compared with those of the ·exact cut-set method. The suitability of the SC.A 
for estimating the reliability of structures of practical dimensions is also investi-
gated. \Vhere feasible, the results are verified either through Monte Carlo 
simulations or by comparision with those obtained through the FMA. 
In the SCA, approximations are made with regards to the number of 
configurations considered and the number of component failures used for each 
configuration. That IS, only a limited n urn ber of significant stable 
configurations are used and the component failures used for each configuration 
are those required for evaluating the initial damage of the structure and those 
required for evaluating the further damage of the configuration in question. 
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5.2 Structural Redundancy 
The degree of redundancy in a structure is currently used as an indication 
of the amount of excess capacity in the system in the event of the failure of 
some of its components. It is often associated with the degree of indeter-
minancy of the structure. In fact, there are many other factors governing the 
excess capacity of a structure; for example, the topology of the structure, the 
behaviour of the components (whether they are ductile or brittle), and the sta-
tis tical properties of the components (e.g., the correlation between component 
capacities) . 
A good measure of redundancy should account for all these factors. This 
may be accomplished in terms of the probability of initial damage and the pro-
bability of collapse (i.e. failure) of the system. In the computation of the pro-
bability of failure of the system, the behaviour of the components are taken 
into account. The initial damage probability and the system failure probability 
are both functions of the topology of the structure and the statistical properties 
of the component capacities. The differenGe between the initial damage proba-
bility and the collapse probability is an indication of the excess capacity of the 
system. The percentage of redundancy of a structure may thus be defined as 
R = [1 _ P( collapse) ] * 100% 
P( initial damage) (5.1 ) 
A structure with a pro bability of collapse close to its initial damage pro bability 
will have a low value of R, which means that collapse is imminent once any 
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initial damage occurs. 
5.3 Simple Tross Structure 
A simple truss st.ructure shown in Fig. 5~1 is analysed using the proposed 
algorithm. The statistics for this problem are given in Table 5.1 (Design I). 
The conventional mean factor of safety and the reliability index of each 
mem ber with respect to the initial structure are also tabulated. Various combi-
nations of member behaviour are assumed, namely mem bers with brittle and 
elasto-plastic behaviour; the results are summarized in Table 5.2. It should be 
emphasized that for this example, the yield capacity (for the elasto-plastic case) 
and the capacity at which brittle failure occurs (fqr the brittle case) are assumed 
to be equal for each component. 
The results from the cut-set method (using Eq. 3.6) and the SeA (using 
Eq. 3.15) are the same in this example. The two cases, in which all the 
mem bers are brittle and all the members are elasto-plastic, are compared with 
the results 0 btained through the FMA, and found to be in agreement. With 
regards to the values for the parameters (0 1, O2, os) of the proposed algorithm, 
01 =0.1 lS sufficient and O2 and 03 are not needed in this example; those 
configurations with more than one failed components are unstable. From Table 
5.3, it can be seen that ductility in the members improves the reliability of this 
system, the safety index ranging from 1.65 to 2.06. More importantly, because 
members 3 and 4 have the lowest safety indices (see Table 5.1), their failure 
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behaviour are more critical in influencing the safety of the structure. It is also 
noted that in certain cases, the system reliability index is less than the safety 
index for the least reliable member of the initial structure. As shown in Table 
5.3, the redundancy of this structure is not constant but varies with the 
behaviour of the members. 
The structure is re-designed (Design II in Table 5.1) such that close-to-
uniform mean factors of safety are obtained for the members. The results in 
Table 5.3 show that the safety index increases with the number of ductile 
mem be'rs in the structure. As in the previous case, depending on the 
behaviour of the memb~rs, the overall system reliability may be lower than that 
of the least reliable mem ber of the initial structure. Suppose a determinate 
stru ctural system is used instead, as shown in Fig. 5.2, having members with 
cross-sectional areas twice those of the corresponding members in Design II, 
th us having the same volume of material as the indeterminate system. The 
reliability index obtained for this structure is 2.99 which does not depend on 
the behaviour of the members. Despite the fact that higher reliability may be 
achieved with a statically determinate structure of the same volume, there is of 
course no redundancy in such a structure. From the results of both designs, it 
is noted that the behaviour of the members have significant influence in the 
system reliability especially for those members with low reliability. 
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5.4 Two-Tier Truss 
Fig 5.3 shows a two-tier truss with the member properties described in 
Table 5.4. The load and resistances (that is, the capacities of the components) 
are assumed to be independent normal vari~tes. The mean safety factor and 
reliability index of each member are also indicated in Table 5.4. Various com-
binations of the behaviour of the members (that is, elasto-plastic and brittle 
behaviour) are considered and the results are given in Table 5.5. 
As shown in Table 5.5, the results obtained using the SCA agree with 
those obtained with the cut-set method. The results were obtained using 
°1 =0.003. SimIlar results using 01 =0.01 and the intersection of four events in 
Eq. 4.13 are tabulated in Table 5.6. Despite the fact that 01 =0.003 and the use 
of higher order intersections produce better results, these are not recom-
mended for general problems because of the greatly increased computations 
required. Nlorever, the results using 01 =0.01 are reasonable. Also shown in 
Table 5.6 are the results for the completely ductile and the completely brittle 
systems obtained through the FMA (Rashedi and Moses, 1983). The results 
from the FMA are obtained through indirect (or hybrid) :tvfonte Carlo simula-
tions with only 1000 trials. From the member reliability indices given in Table 
5.4, computed on the basis of the initial configuration of the structure, it is 
found that members 8 and 10 have much lower reliabilities. The results in 
Table 5.5 show that the behaviour of these two members influence the reliabil-
ity of the system most significantly. 
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The safety index of this structure against initial damage is 1.79 with the 
least reliable member having an index of 2.01. This structure has high redun-
dancy as shown in Table 5.6. This is because the capacities of the members 
and the topology are such that the failure of the critical member 8, or 10, or of 
members 8 and 10, produces no significant differences between the probabilities 
of damage of the respective reduced structures. Suppose members 8 and 10 are 
removed and the cross-sectional areas of members 7 and 9 are doubled. The 
safety index for this determinate truss is 2.72 and does not depend on the 
behaviour of the members; of course, this truss would have zero redundancy. 
5.5 Three-'Ii er r:r.ru.ss 
A three-tier truss shown in Fig. 5.4 is analyzed using the statistics of the 
mem ber properties given in Table 5.7. Two cases are considered --- one in 
\vhich tht> YIelding of the members is the limit states; whereas in the other~ the 
ultHr.at..- :1; J.Clties of the members are the corresponding limit states. The 1l1ti-
matf' tpr>;j ... J.nd compressive capacities of each member are 1.5 and 1.25 times 
th at ,>f )~.' \ lPld capacity, respectively. The respective safety indices against 
Ylekl~; r a:, ~ 1_ i~ lmate failures of the members are shown in Tablp 5.7. 
l'.~::: :::r- proposed algorithm with 51=O.Ol,5~=1.0, the results obtained 
are tabubtf'd In Table 5.8 together with those computed using other methods. 
For the ultimate collapse of the system, all the probabilities obtai:p.ed are con-
sistently lower than the corresponding mean probabilities obtained through 
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the initial structure has a safety index of 1.83. The redundancy in this structure 
is 86% 
Design II -- The same structure is re-designed (D esign II) with the safety 
indices shown in Table 5.10. Two cases are considered --- (a) failure of the 
members will be through ultimate fracture in tension and buckling under 
compression, and (b) failure of the tensile members is through ultimate frac-
ture, whereas under compression, the short members will fail by yielding and 
the slender mem bers will fail by buckling. For case (a), the ultimate strength 
(which is higher than the yield capacity or the elastic buckling strength) of each 
member is assumed. This is a reasonably realistic model since for offshore 
structures. the reliability of the system against ultimate collapse is· of concern. 
For case (b), the tensile fracture strength for each member is assun1ed t.o be 
equal to its yield capacity. This may be reasonable for structures operating 
under low temperature environment, such as those of offshore platforms In 
North Sea. 
The system reliability index for case (a) against ultimate collapse is 3.65 
uSlng the SCA. whereas 50,000 trials of Monte Carlo simulation gives a mean 
value of 3.53. The redundancy in this structure is 70% and the least reliable 
member of the initial structure (see Table 5.10) has a safety index of 3.83. For 
case (b), the SeA algorithm yields a system reliability index of 2.92, compared 
with 3.09 obtained through Monte Carlo simulation using 50,000 trials. The 
redundancy of this structure is 67% and the least reliable member has a safety 
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Design I -- In Design I, a member may fail in tension by yielding or frac-
ture. For short members, compressive yielding is a possible failure mode 
whereas for slender members, buckling failure will in fact be the governing 
mode. For members that fail by ultimate tensile fracture and by compressive 
buckling, a brittle model may be used. In this example (Design I), following 
Bjerager (1984), the yielding and fracture capacities are assumed to be the 
same; whereas the capacity in compre5sion is one half of that in tension. 
Using the geometric average of the second-order bounds for the probabil-
it} o( the unions of component failures, the safety index against initial damage 
is estimated to be 1.10 as shown for Design I in Table 5.11. This compares 
favourably with the :\:lonte Carlo result from .s0,000 trials giving a mean safety 
index of 1.08; the cluste~_ technique gives 1.07, whereas with the ("ondit.ioning 
method the safety index is 1.16 (Bjerager, 1984). The reliability index of t.he 
system is also 1.10 if all the members are brittle. If all the members are 
elasto-plastic, the system reliability indices are 2.08 and 1.91, obtained through 
the seA and !\1onte Carlo simulation (with 50,000 trials), respectively. The 
discrepancy in the results could be due partly to the use of the geometric aver-
age of the second-order bounds as a point estimate for the probability of a 
unIOn. The improvement in the results from the SCA are insignificant when 
more stringent values for the parameters of the proposed algorithm (i.e. with 
smaller 01 and 02 and with Os =0.5) are used. The results obtained through the 
FMA ranges from 1.67 to 2.26 (Bjerager, 1984). The least reliable member of 
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Monte Carlo simulation with 20,000 trials. However, there are bounds assOCl-
ated with simulation results and using Shooman's formula (Eq. 2.9), the error 
in the simulated probabilities could be ± 27% The redundancy of this system is 
3% and the least reliable member has a safety .index of 2.94 with respect to the 
initial structure. 
For the ductile system, 10,000 trials of Monte Carlo simulation gives a sys-
tern reliability index of 2.37, which is 2.5% higher than the value estimated by 
the SeA. The value obtained with the SCA is conservative due to the fact that 
only second-order terms for the probability of the intersection of events are 
used. Employin g a sm aller value for 81. 8~ =0.1 and 63 =0.5 do not improve the 
results. The same problem was solved by :tvlurotsu et al (1980) using the Fi\L ... \ 
which yields \..,.ide bounds as shown in Table 5.8. The redundancy in the ductile 
structure is 87C( :lnd the least reliable member (of the initial st.ructure) has a 
safety index of 1 76. ('on1pared with the system reliability index of ~.31. 
5.6 Tubular Space Truss 
The mode~ r 1 -:tf>el jacket offshore platform analyzed by Bjerager (1984). 
shown in FIg S·) 15 .11 us trated; the member properties are summarIzed in Table 
5.9. From an p!3-.ql~· analysis of the initial structure assuming purely a."'(ial 
actions only, the sa1'>:ty indices of the members of the initial structure are com-
puted and tabulated in Table 5.9. The structure is loaded as shown in Fig. 5.5 
with Ql and Q2 representing the dead loads and wave loads, respectively. 
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index of 3.12. 
5.7 Simple Portal ~e 
A simple portal frame shown in Fig. 5.6 with a horizontal and a vertical 
load acting is analyzed with the load and resistance statistics of Taqle 5.12. Two 
cases are considered: (i) all potential hinges have brittle behaviour, and (ii) all 
potential hinges behave in an elasto-plastic manner. 
Using the proposed algorithm, with Dl =0.1, the results obtained are tabu-
lated in Table 5.13. The results for all the cases are the same as those of the 
cu trset method; for the ductile cases, the solutions are in agreement with those 
obtained through the FMA. For the horizontal force, two values of the COY 
are used, 30% (case I) and 15% (case II). As to be expected, increasing the 
uncertainty in the loading will decrease the reliability of the structure, as shown 
in Table 5.13. The sensitivity of the system reliability index to load uncertainty 
is dependent on the member failure characteristics. A decrease of 12% (from 
0.97 to 0.85) in the system reliability index is observed for the brittle case COID-
pared to a decrease of only 5% (from 1.71 to 1.63) in the ductile case. The 
redundancy of this structure is 74% and 0% for the elasto-plastic and brittle 
cases, respectively. 
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5.8 Fixed Portal Frame 
The essence of this example is to show how the SeA can be applied to 
load combination problems for simple ductile systems. A fixed portal frame is 
used here for simplicity as shown in Fig. 5.7a with the statistics of the members 
and loadings tabulated in Table 5.14. Assume that the loadings can be suitably 
modeled by Poisson rectangular pulse processes as illustrated in Fig. 5.7b, with 
mean occurence rates, A" and mean duration, J.Ld,' as given in Table 5.14. The 
potential hinges are assumed to be elasto-plastic. 
Using the load coincidence method (Wen, 1980), the probability of failure 
of the structure over the time interval (0, t) is given by 
where P:: is the conditional probability of failure of the structure given that the 
two loadings. S,t l) and 5;( t), act simultaneously on the structure and n is the 
number of loadings. The structure is analyzed for various possible load combi-
nations and the results are compared with those of the F?vlA in Table 5.15. 
The discrepancies in some of the results are due to the fact that the F!vlA. used 
the geometric average of the unimodal bounds for the probability of the union. 
Nevertheless, the same pro bability of failure of the system over a one-year 
period of 0.0149 is obtained by both approaches. The SeA, therefore, seems 
promising fo r so lving such pro blems. 
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5.9 Tw(>-Bay Frame 
Consider the two-story two- bay frame subjected to unsymmetrical concen-
trated loads with the assumed potential failure hinges marked as shown in Fig. 
5.8. The statistics of the loads and component capacities are summarized in 
Table 5.16. 
The structure IS analyzed neglecting axial effects and elasto-plastic 
behaviour of the members are assumed. Using the SeA, the safety index 
against initial damage is 1.66 whereas the system reliability index is :2.40, giving 
a redundancy of 83% as shown in Table 5.17. The corresponding values of 1.69 
and 2.60 are obtained using :\1onte Carlo simulation with :20,000 trials, whereas 
the F?\L-\. using a linlited number (fifteen) of collapse mechanisms, yields a sys-
tern reli~bility index of 2.49. In this system, the least reliable member of the 
initial structure has a saiety index of 1.96. 
If the bases are pinned rather than fixed, the safety index against initial 
damage ~Dd ag3.inst 5yst",m collapse are 0.86 and 2.22; the corresponding results 
from :vIonte Carlo simulation (with :20,000 trials) are 0.81 and :2.51, respec-
tively. The F\L-\ yields a system safety index of 2.41. This structure has 93% 
redundancy with the least reliable member in the initial configuration having a 
s ai e ty in de x 0 f 1. 1 6. 
If the ultimate capacities of the members are assumed to be 1.5 times the 
yield strength (for the case where the base anchorages are fixed), the system 
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reliability index against ultimate failure (brittle) is 3.36 and th e corresponding 
value obtained with 30,000-trial Monte Carlo simulation is 3.46. For this par-
ticular case, the capacities for the components are those at ultimate which are 
1.5 times that of the corresponding yield capacity for each section. The relia-
bility of the system against initial damage is 3.31. 
Suppose the connections in the structure are brittle (v"'hich may be a suit-
able idealization for some welded connnections in a steel frame, or for concrete 
frames over-reinforced at the ends of each beam). That is~ the beam-to-
column connections (represented by potential hinges 7, 9, 10, 1~, 19, 21, 22 
and ~.f in Fig. 5.8) and the column-to-base plate connections (represented by 
hinges 1~ 3 and 5) are brittle. The ultimate capacities of these connections are 
equal to the yield capacities of the corresponding members. The capacities of 
the connections within each of the sets of hinges (1,3,5), (7,9), (rO,l~), 
( 19,21) and (~~,24) are assumed to be partially correlated (p =o.sL a.nd 
uncorrelated between the sets. For this system, the SeA. estimates the safety 
index against initial damage to be 1.58 and against system collapse to be ~.07. 
The corresponding values through iv10nte Carlo simulation with ~O,OOO trials 
are 1.61 and 2.18, respectively. The redundancy of this system is 66% 
5.10 Multistory Frame 
A multistory frame under dead (D), live (L), and wind (W) loadings, 
shown in Fig. 5.9, is analyzed using the proposed algorithm. The members are 
t 0 
to 
I 
r 
I 
l 
l: 
L 
I 
( 
r 
i 
1 
-I 
.J 
1 
] 
1 
, 
J 
] 
I 
) 
1 
I 
] 
j 
1 
f 
t 
• 
1 
J 
1 
I 
I 
J 
J 
-~ 
, I 
proportioned using the working stress method for the load combinations of (i) 
D + L, (ii) }V, and (iii) 0.75*(D+L+1V). A drift criterion of 1:400 between 
each floor level is used. Vertical point loadings are assumed to act at the third 
points on the girder through the longitudinal beams of the structure and the 
horizon tal wind loads are assumed to be applied at the floor levels. The build-
lng js braced in the longitudinal direction and each bay is spaced 25 feet ap~rt. 
The bases of the frame are also assumed to be fixed. Potential failure hinges 
are numbered as marked in Fig. 5.9. The statistics for the capacities of the sec-
tions at the potential hinge locations and the loadings are tabulated in Table 
5.18. In the computation uSlng the SC.t\, serviceability limits are not con-
sidered. Two loading cases are analyzed, namely, (i) D +L + ~V~ and (ii) 
0.75*(D,L+lV). The ten least reliable hinges of the structure at its initial state 
for both loading combinations are tabulated in Table 5.19, and the reliability 
results are summarized in Table 5.20. 
:\ssuming that the potential hinges behave in a brittle manner (with the 
capacities as tabulated in Table 5.18), the reliability index of the structure 
under D ~L 7 ~v loads is 2.9.3, as estimated by the SCA.. \Vith i'vJonte Carlo 
sim ulation (20,000 trials), a value of 2.97 is obtained. 
If the potential hinges are elasto-plastic, system reliability indices of 3.58 
and 4.25 are obtained with the SCA and from ~1onte Carlo with 200,000 trials. 
Using the FMA., the system reliability index for this case is computed to be 
4.23. University of Illi'.-::Jis 
Metz ES~::2YC::-:'-::;3 ~ic()::n 
P.100 1.:.-.7 , 
208 N. Ro~~~~ ~~~20t 
Urbana, Illinois blSQl 
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For both the ductile and brittle cases, the safety index against initial dam-
age is 2.67 whereas the least reliable componen t of the initial structure has a 
safety index of 2.83. The percentages of redundancy are 55% and 95%, respec-
tively, for the brittle and elasto-plastic systems. 
The above two cases are also analyzed assuming 0.75*( D +L + ~v) to be act-
ing and the results are tabulated in Table 5.20. It can be seen that under partial 
loadings (that is, 75% of the combined total loads), the structure has system 
reliability indices greater than 3.0 for all the three cases, whereas under full 
loadings~ the SC.~ results indicate that the safety index for the brittle system is 
slightly less than .3.0. One should emphasize, however, that the SCA. yields 
conservative results. 
5.11 Qualitative Comparison with the FMA 
In the F?vL-\. the probability of failure of a system is obtained by consider-
ing the potential failure modes of the system. For highly indeterminate struc-
tures especially those containing some brittle components, the failure sequence 
of the components constitute different failure modes. Therefore, the probabil-
ity of failure of each mode is obtained as the probability of the intersection of 
component failures. Due to the difficulty in the computation of the probability 
of an intersection, only two (or at most three) component failure events are 
used to estimate each failure mode probability (Murotsu, 1984). Note that 
using a limited number of events in the intersection will produce conservative 
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results. Hence, although the FMA is theoretically an unconservative approach 
as discussed in Section 2.1, the computed results may sometimes be conserva-
tive due to this approximation. The system failure pro bability is 0 btained using 
the union of the events corresponding to the respective failure modes. 
The bounds 0 btained for the pro bability of a union are generally narro\ver 
than those for the probability of an intersection. Consequently, because of the 
large number of intersections required, the F:!vIA .. can yield inaccurate results. 
In contrast, the SC.A. uses the intersection of events only once, t.hat is to obt3in 
the system failure probability. 
For each component~ a performance function may be defined .. The realiza-
tion of each failure mode, defined as the intersection of component failures, 
·will involve many performance functions. A simplification often used in the 
FivL,;. is to approximate each set of performance functions corresponding to 
each failure mode by a linear performance function. This a.pproximation is 
necessary to find the correlation between the different failure modes of the sys-
tern in order to compute the second-order bounds for the probability of the 
unIon of these failure modes. No such approximations are necessary In the 
seA. 
In the SeA, it is shown that for structures with entirely brittle com-· 
ponents, only those configurations with few failed components are needed to 
give an accurate estimate of the system reliability. These configurations can be 
easily identified. In contrast, the number of failure modes for such systems 
80 
that must be considered in the FMA is large (because the componen t failure 
sequences must be considered) and the dominan t modes are not easily 
identifiable. Consequently, the SCA. is preferred over the FwLA. for this class of 
structures. 
For systems composed entirely of ductile components, the method of .:\/1a 
and Ang (1981) is preferred especially when the elem~ntary mechanisms dorn-
inate. For such structures, the dominant failure mechanisms can be ident.ified 
and only the union of events corresponding to each failure mechanisms are 
involved in the computation of the system failure probability. The intersection 
of component failures is not needed. The main disadvantage of the method IS 
that it tends to be unconservative (i.e. results will be on the unsafe side). 
For systems having both ductile and brittle components, both approaches 
involve extensive computations. The dominant configurations or the dominant 
failure modes may not be easily identified. Numerous configurations or failure 
modes have to be used. 
Finally, one should not exclude the fact that for some pro blems, both 
approaches may be used together to obtain the bounds for the system failure 
probability. This may be necessary for systems with very low failure probability 
where good results for such systems are difficult to obtain. 
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Table 5.1 Data for Simple Truss Structure 
Design I Design II 
lv1ember Area Capacity Mean Area Capacity !vI ean 
( cm 2 ) J-l ( kN) F.S. f3 ( cm 2 ) p.( kN) F.S. 
1 1.33 36.71 1.65 2.51 1.54 42.45 1.91 
2 1.33 36.71 2.20 4.04 1.13 31.22 1.87 
3 1.49 41.12 1.48 1.93 2.01 55.49 2.00 
4 1.49 41.12 1.48 1.93 2.01 55.49 2.00 
5 1.33 36.71 2.20 4.04 1.13 31.22 1.87 
6 1.33 36.71 1.65 2.51 1.54 42.45 1.91 
(COV of resistances = 0.1) 
Loading: mean Q = 44.45 kN, COY = 0.20 
Correlation: between resistances and load = 0.0 
between resistances = 0.0 
;3 
3.30 
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Table 5.2 Comparison of Collapse Probabilities for Simple Truss Structure 
Methods 
Ductile M em bers 
cut-set SCA. 
all 1.91 * 10- 2 1.91 * 10- 2 
1,2,4,5,6 3.32 * 10- 2 3.32 * 10- 2 
1,2,5,6 4.72 * 10- 2 4.72 * 10- 2 
3,4 :2.17 * 10- 2 2.17 * 10- 2 
3 3.58 * 10- 2 3.58 * 10_ 2 
none 4.99 * 10- 2 4.99 * 10- 2 
Table 5.3 Comparison of Designs 
[! t.; r:.lf' Design I Design II 
\1 p !T;t"r" , PI f3 R% PI f3 R% 
all 1.91 * 10- 2 2.06 62 3.68 * 10- 4 3.38 86 
1.: ~ , , 3.32 * 10- 2 1.84 33 5.30 * 10- 4 3.28 80 
1.:.:' ", 4.72 * 10- 2 1.68 5 6.91 * 10- 4 3.20 74 
3.4 ~ .17 * 10- 2 2.03 56 2.30 * 10- 3 2.83 12 
3 3.58 * 10- 2 1.80 29 2.46 * 10- 3 2.81 6 
none 4.99 * 10- 2 1.65 0 2.63 * 10- 3 2.79 0 
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Table 5.4 Statistics for Two-Tier Truss 
Mean Capacity (kN) 
Mean 
Member f3 
Tension Com pression F.S 
" 
1 20.0 10.0 8.9 5.3 
2 20.0 10.0 26.2 6.3 
3 20.0 10.0 13.6 5.8 
4 20.0 10.0 4.4 3.66 
5 20.0 10.0 20.4 6.1 
6 20.0 10.0 big 6.4 
7 5.0 2.5 5.6 4.32 
8 5.0 ,2.5 2.7 2.01 
9 5.0 2.5 5.5 4.28 
10 5.0 2.5 2.8 2.08 
(COV of resistances = 0.15) 
Loading: mean S = l.5 kN, COY = 0.30 
Corrplation: between resistances and load = 0.0 
between resistances = 0.0 
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Table 5.5 Comparison of Collapse- Pro babilities for Two-Tier Truss 
Ductile 
Methods 
Members cut-set SCA 
all 1.48 * 10- 4 1.48 * 10- 4 
4,8,10 1.48 * 10- 4 1.48 * 10- 4 
8,10 1.97 * 10- 4 1.97 * 10- 4 
10 4.12 * 10- 3 4.12 * 10- 3 
8 4.05 * 10- 3 4.05 * 10- 3 
none 6.67 * 10- 3 6.67 * 10- 3 
8 1 =0.003 and 8~ = 1.0 used. 
Table 5.6 Results for Two- Tier Truss 
Safety Indices 
Ductile R% 
, :'1 em bers ( 1 ) ( 2) ( 3) (4) 
all 3.55 3.62 3.64 3.72 99 
-
.t,8,10 3.55 3.62 3.62 - 99 
8,10 3.55 3.55 3.55 - 99 
none 2.39 2.39 2:47 2.46 82 
(1) - using proposed algorithm with 81 = 0.01 (::n - using proposed algorithm with 81 = 0.003 
(3) - using the intersection of four even ts 
(4) - results from Rashedi and Moses (1983) 
'! 
! 
> 
--t 
f'--
I 
I 
r 
[ 
1 
1 
l 
I 
Fig. 5.4 Three-Tier Truss 
i 
.J 
'.' 
\ 
j 
88 
Table 5.7 Statistics for Three-Tier Truss 
Mean Capacity (kN) 
Member Ultimate Ultimate f3 ultimate 
Tensile Compressive Yield 
Strength Strength 
1 138.69 115.58 92.46 3.88 
2 357.69 298.08 238.46 3.90 
3 238.47 198.73 1.58.98 .3.80 
4 238.47 198.73" 158.98 4.24 
5 357.69 298.08 238.46 2.94 
6 94.80 79.00 63.20 5.14 
7 166.85 139.04 111.23 3.35 
8 166.85 139.04 111.23 .5.20 
9 304.29 253.58 202.86 4.58 
10 166.85 139.04 111.23 3.92 
11 65.42 54.51 43.61 7.0 
12 65.42 54.51 43.61 4.17 
13 94.80 79.00 63.20 5.46 
14 238.47 198.7.3 158.98 5.32 
15 65.42 54.51 43.61 5.41 
16 94.80 79.00 63.20 5.51 
(COV of resistances = 0.15) 
Loading: mean Q = 44.45 kN COY = 0.10 
Correlation: between resistances and load = 0.0 
between resistances = 0.0 
(3 yield 
2.49 
2.52 
2.38 
3.62 
2.04 
4.74 
1.76 
4.45 
4.05 
3.23 
7.0 
2.92 
4.84 
4.97 
5.08 
5.21 
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Table 5.8 Results for Three- Tier Truss 
Cases Methods 
Initial Damage Collapse 
R% 
PI j3 PI (3 
Brittle SCA 2.26 * 10- 3 2.84 2.19 * 10- 3 2.85 3 
(Ultimate Collapse) M Carlo 2.75 * 10- 3 2.78 2.65 * 10- 3 2.79 
Ductile SCA 7.87 * 10- 2 l.41 1.04 * 10- 2 2.31 87 
(Plastic Collapse) M Carlo 9.15 * 10- 2 l.33 8.80 * 10- 3 2.37 
Murotsu 
(lower bound) 4.40 * 10- 4 3.32 
(upper bound) 5.53 * 10- 2 1.60 
01 =0.01 and 02 = l.0 are used. 
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Table 5.9 Dimensions and Statistics for Space Truss (Design I) 
lYf em ber 
1- 4 
5- 8 
9-12 
13-16 
17-:20 
~1-~-4: 
~5-32 
33- -4: 0 
41-48 
Loading: 
External Thickness 
Mean Capacity (lvlN) 
D iameter( m) (mm) Tension Compression 
2.0 34 67.20 
1.5 25 37.07 
1.0 17 16.80 
I) ~ 42 . 103.78 .... .) 
2.5 42 103.78 
2.·5 42 103.78 
1.5 25 37.07 
1.:2 20 23.73 
0.9 15 13.35 
(COV of resistances = 0.15) 
Q1 - mean = 40.0 i\fN; COy' = 0.0.5 
Qr:. - mean = 0.278 lvlN; COY == 0.30 
33.60 
18.53 
8.40 
51.89 
51.89 
.s 1 89 
18.5.3 
11.87 
6.68 
Co rre latio n: 
Betv.;een m em ber resistances 
Between loads Q 1 and Q2 
= 0.5 
= 0.0 
Betv.;een resistances and loads = 0.0 
f3 
6.05 
5.94 
4.70 
2.12 
1.8.3 
1.8-4: 
4.58 
4.59 
3.76 
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Table 5.10 Dimensions and Statistics for Space Truss (D esign II) 
External Thickness 
Mean Capacity (iYIN) 
iv1ember 
D iameter( m) (mm) Tension Compression 
case (a) - ultimate collapse model 
1- 4 0.9 15 ~0.02 10.~9 
5- 8 0.9 15 :20.02 16.12 
9-1~ 0.9 15 20.0~ 16.68 
1.3-16 2.1 35 108.99 90.82 
17-20 2.1 35 108.99 90.82 
:21- 24 2.1 35 108.99 90.8:2 
~5-32 1.2 20 .35.59 12.85 
33-40 1.2 20 35.59 20.1.3 
41-48 0.9 15 ~0.02 9.95 
case (b) - elastic-brittle and compressive buckling model 
1- 4 0.9 15 1.3.35 8.23 
5- 8 0.9 15 13.35 1~.90 
9-12 0.9 15 1.3 .. 35 1·3.·35 
13-16 2.1 .35 72.66 7~.66 
17-20 2.1 35 72.66 72.66 
21-24 2.1 35 72.66 7~.66 
25-32 1.2 20 23.73 10.28 
33-40 1.2 20 23.73 16.11 
41-48 0.9 15 13.35 7.96 
(COV of resistances == 0.15) 
Loading: 
Correlation: 
Q1 - mean == 40.0 MN; COY == 0.05 
Q2 - mean == 0.278 MN; COY == 0.30 
Between member resistances 
Between loads Q1 and Q2 
== 0.5 
== 0.0 
Between resistances and loads == 0.0 
f3 
5.07 
5.39 
5.96 
3.91 
3.83 
3.95 
4.40 
5.68 
4.4·3 
-1.27 
-1.7 -1 
5.60 
:3.22 
3.12 
3 q-.. _, 
3.83 
5.43 
3.87 
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Table 5.11 Results for Space Truss 
Cases Method 
Safety Index, ;3 
RCC 
Init. Dam. Collapse 
SCA 1.10 2.08 86 
idl Ductile M Carlo 1.08 1.91 
F1vLA. 1.07 1.67-2.26 
.:\.11 Elas tic- Brittle 
SC~~ 1.10 1.10 0 
}vI Carlo 1.08 1.08 
(a) All Brittle SCA 3.32 3.65 70 
(Ultimate Collapse) M Carlo 3.47 3.53 
( b) D u ctile-Bri ttle SCA 2.56 2.92 67 
(Tensile Fracture) M Carlo 2.65 3.09 
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Table 5.12 Statistics for Simple Portal Frame 
Capacity 
Mean 
Saf ety Index 
Variables Node 
Mean COV F.S. Case I Case II 
Me 1 360 .15 11.7 4.61 5.5 
ME 2 480 .15 15.6 5.2 5.9 
ME 3 480 .15 1.26 1.~2 1.22 
NIE 4 480 .15 1.78 2.46 2.76 
Me 5 360 .15 1.34 1.27 1.52 
V - 100 .10 - - -
H( case I) - 20 .30 - - -
H ( case II) - 20 .15 - - -
(Correlation between variables = 0.0) 
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Table 5.13 Results for Simple Portal Frame 
covor 
Initial Damage Collapse 
Cases Behaviour 
Force, H PI f3 PI f3 
0.30 0.1991 0.85 0.0517 1.63 
I Ductile 
II Ductile 0.15 0.1662 0.97 0.0436 1.71 
0.30 0.1991 0.85 0.1991 0.85 
I Brittle 
II Brittle 0.15 0.1662 0.97 0.1662 0.97 
8 1 =0.1 used. 
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Table 5.14 Statistics for Fi..xed Portal Frame 
Variable Mean COY A (/yr) J.l d (yr) 
M (kip-ft) 420 .15 - -
S 1 (kips) '·100 .10 2 0.01 
S 2 (kips) 50 .30 0.5 0.01 
S3 (kips) 50 .40 0.1 0.005 
Table 5.15 Results for Fixed Portal Frame 
I 
LoadIng 
Collapse Pro bability 
A 
C :1.;; 1'!5 SCA FMA ( /yr) I 
c:: 6.07 * 10- 3 6.07 * 10- 3 2 ~- 1 
:; 
-' .. 2.94 * 10- 3 2.94 * 10- 3 .5 
,- 8.78 * 10- 3 8.78 * 10- 3 .1 ~~ 
5 1-3: 4.42 * 10- 3 4.80 * 10- 3 .002 
5 1-- 5'1 5.97 * 10- 2 6.58 * 10- 2 .003 
5 -= .. -";'3 3.45 * 10- 1 3.45 * 10- 1 .00075 
Sl--S:,-SJ 7.52 * 10- 1 6.68 * 10- 1 .00002 
P( E.1) 1.49 * 10- 2 1.49 * 10- 2 -
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Table 5.16 Data For Two-Bay Frame 
Variables Member Size 
Capacity 
Mean COV 
All (kip-ft) vV14x43 188.0 0.15 
1.\1 '2 (kip-ft) W14x48 211.0 0.15 
1\13 (kip-ft) W14x43 188.0 0.15 
AI4 (kip-ft) W14x26 106.0 0.15 
1\-15 (kip-ft) vV14x48 211.0 0.15 
j1 6 ( kip-ft) \V14x~6 106.0 0.15 
FI (kips) - 38.0 0.15 
F'2 (kips) - 20.0 0.:25 
F3 (kips) - .36.0 0.15 
F4 (kips) - 20.0 0.~5 
P(kips) - 7.0 0.25 
.-\11 variables are assumed independent. 
The tension and compression strengths 
are assumed equal. 
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Table 5.17 Results for Two-Bay Frame 
Cases 1vfethod 
Safety Index 1 f3 
R% 
Init. Damage Collapse 
Ductile (Fix ed Base) SCA 1.66 2.40 83 
(Plastic Collapse) M Carlo 1.69 2.60 
FMA 2.49 
Brittle (Fix ed Base) SCA 3.31 3.36 15 
("Ultimate Collapse) M Carlo 3.40 3.46 
Ductile SCA 0.86 2.~2 93 
(Pinned Base) M Carlo 0.81 2.51 
FMA 2.41 
Connections SCA 1.58 2.07 66 
(Fixed Base) M Carlo 1.61 2.18 
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Table 5.18 Data for Multis:.ory Frame 
Hinge/Load [..11 em ber Size nomina} Alp (kip-ft) CO\i 
1,:2,7,8 vV14x8:2 417 0.15 
3,4,5,6 \V14x99 513 0.15 
23-:26 \V14x68 345 0.15 
21,:2:2,27,:28 \V14x61 306 0.15 
43-46 W14x61 306 0.15 
41,42,47,48 \V14x48 235 0.1.5 
61-68 \V14x43 209 0.15 
81-88 \V14x43 :209 0.15 
101-108 W14x43 209 0.15 
9-:20,29-40 \V:21x50 330 0.13 
49-60,69-80 \V21x44 286 0.1.3 
89-100,109-120 \V21x44 286 0.13 
Dn (kips) - 15.2 0.10 
Ln (kips) - 8.1 0.25 
yVn (kips) - 6.8 0.37 
In additi.on, the fo Howing are assum ed: 
D 
Dn 
= 1.05 
L 
= 1.15 
L n 
W 
= 0.78 
Wn 
Ai p 
= 1.07 M pft 
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Table 5.19 Ten Least Reliable Potential Hinges 
D+ L+ \V 0.75*( D + L-"- \V) 
Hinge j3 (3 PJ PJ 
12 2.35 * 10- 3 2.83 3.0 * 10- 5 4.01 
52 1.17 * 10- 3 3.04 1.4 * 10- 5 4.19 
16 9.36 * 10- 4 3.11 1.1 * 10-.5 4.24 
56 7.09 * 10- 4 3.19 8.2 * 10- 6 4.31 
. 
32 4.30 * 10- 4 3.3.3 4.9 * 10- 6 4.42 
'"7') 
I ... 3.69 * 10- 4 .3.38 4.3 * 10-. 6 4.-:1:5 
76 '1 - .... _.01 * 10- 4 3.47 2.9 * 10- 6 4.53 
36 2.45 * 10- 4 3.49 2.8 * 10- 6 4.54 
20 2.32 * 10- 4 .3.50 C) .... _.1 * 10- 5 4 .. 55 
92 1.18 * 10- 4 3.68 1.4 * 10- 5 4.69 
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Table 5.20 Results for Multistory Frame 
Loadings Methods' 
Safety Index, f3 
RC7 /0 
Init. Damage Collapse 
D+L+W SC.A 2.67 2.93 55 
:tvi Carlo 2.71 2.97 
O.75*(D+ L+ W) SCA 3.92 3.97 
D+ L+ \N SCA 2.67 3.58 95 
:tvi Carlo 2.73 4.25 
F:tv1A lower bound 4.23 
'. 
I ' 0.75*( D + L+ \V) SCA 3.92 4.23 
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CHAPIER 6 
CONCL UDING REMARKS 
6.1 Summary 
The stable configuration approach (SeA), based on the consideration of 
how a structure or any of its damaged states can carry the applied loads, is 
further developed for the reliability analysis of structural systems including 
those composed of brittle and ductile (elasto-plastic)" components. The failure 
of a system· is formulated as the intersection of the unions of component 
failures and is based on the cut-set method of network graph theory. Each 
cutrset is shown to be related to a stable configurat.ion of a structure. ~.fore 
precisely, the realization of a cut-set corresponds to the event that there is no 
further damage to the configuration and that the structure is in this particular 
configuration. 
Because the number of possible stable configurations for a structure can be 
very large, and the evaluations of the failure probabilities of the various 
configurations can be quite involved, approximations are introduced for practi-
cal applications of the SeA. First, only the stochastically dominant stable 
configurations, that is, configurations having low damage probabilities and can 
easily be reached from the initial state of the system, are considered. Gen-
erally, most of the dominant configurations have few failed components, espe-
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cially for systems composed entirely of brittle components. Second, only a sub-
set of the component failure events needed in the computation of the failure 
probability of a configuration is used. The first approximation will result in an 
overestimation of the system failure probability since only a limited number of 
configurations is used to compute the probability of an intersection. The 
second approximation will underestimate the failure probability of each 
configuration because a smaller number of component failures (than actually 
required) is used to compute the probability of a union. 
The performance function of each component in a particular configuration 
of a structure is obtained through an elastic analysis of the structure in that 
configuration. The firstrorder second-moment method is used to compute the 
pro bability of failure of each component. The failure probability of each 
configuration is approximated by the geometric average of the second-order 
bounds for the probability of the union of component failures. The system 
failure pro babllity is then obtained using the intersection of the failure (or dam-
age) to tb ~ \" arlOUS stable configurations. For this purpose, the second-order 
upper bC1uod for the probability of an intersection is used as an approximation. 
An alr:'~'rltbm is developed for evaluating the reliability of a given struc-
ture. Thr rrc,t'ability of initial damage to the structure is first computed and 
used as an lnltial upper bound estimate for the system failure probability in the 
seA. Next. the dominant configurations with one failed component are con-
sidered. These latter configurations are selected based on the failure pro babili-
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ties of the components. More precisely, components with high failure probabil-
ities are chosen and each of these components are assumed to fail to give the 
set of dominant configurations. The probability of the intersection of the 
events corresponding to these configurations and that of the initial structure 
gives an improved upper bound for the probability of failure of the system. A 
simplified form of an analogue of Boole's formula is used to compute this pro-
bability. This upper bound probability is used as a criterion for selecting other 
dominant configurations (corresponding to those with more than one failed 
component). The intersection of events corresponding to all the· selected 
configurations gives the system failure event, from which the system failure 
probability is obtained. 
The seA was examined and validated through a number of franle and 
truss structures. It is shown to be particularly effective for structures composed 
of brittle components only. For systems having ductile components, this 
approach does not have much advantage over the conventional Fi\/IA. 
A new concept of structural redundancy is introduced. The percentage of 
redundancy of a structure is defined as one minus the ratio of the probability of 
collapse to the probability of initial damage. This measure accounts for all the 
factors influencing redundancy, including the topology of the structure, the 
material behaviour of its components, the statistical properties of the com-
ponent capacities, and the degree of indeterminancy of the structure. 
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6.2 Conclusions 
Based on the results of the present study, the following conclusions are 
observed: 
1. For structures composed of components exhibi ting brittle behaviour only, 
the SC~A.. IS particularly effective. The resulis are atcurate- and easily 
obtained. In this regard, ultimate failure of structural components can be 
modeled as a brittle failure. Therefore, the SeA is particularly well suited 
for the analysis of the reliability of structural systems against ultimate <:'01-
lapse. 
For structures with elasto-plastic components only, the seA does not have 
much advantage over the F1-v1A. -This is due to the fact that in the FlvlA .. 
the intersections of events are unnecessary and only the union of the 
even ts corresponding to the failure modes of the system is required. For 
highly indeterminate systems, however, the failure modes are not easily 
identified. The omission of significant failure modes will result in an 
underestimation of the system failure probability. On the other hand, the -
omission of certain stable configurations in the SeA will give results that 
are on the conservative side (that is, overestimating the system failure pro-
bability) . 
3. For structures composed of elasto-plastic and brittle components, the pro-
bability of failure of the structure is a function of the failure sequence of 
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the constituent components; each failure sequence constitutes a failure 
mode of the system. As a consequence, the number of failure modes is 
much larger than that of a corresponding ductile system, "complicating 
therefore the traditional F1vlA. The SeA. avoids this complication for t.his 
class of structural systems. However, the results obtained with the pro-
posed approximations may sometimes be overly-conservative. 
4. The percentage of redundancy of a structure, defined in terms of the pro-
bability of collapse and the pro bability of initial damage to the structure, is t' 
a better measure of the excess capacity of a structure beyond the initial 
damage state. It is also a more complete measure of structural redun-
dancy; in addition to the degree of indeterminancy, the topology of the r 
structure, the material behaviour of its components and the correlation [ 
between component capacities affecting redundancy are accounted fo.r with 
this meas u re, 
6.3 Recommendations for Further Study 
r 
The SC.-\ m:n be used to study the influence of various parameters (for t 
example, the topoklg)". material behaviour of the components and their relative l 
capacities) oc !ht" r~bability of a structure. In particular, the optimization of a [ 
structure in the llgbt of its system reliability as well as the degree of redun-
dancy of the system may be investigated using this approach. f { 
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III 
Serviceability limits are seldom considered in structural system reliability 
analysis. Studies may be made to modify the SCA to account for the failure of 
structural systems due to excessive deformations. 
Further studies are also needed to extend the metho d for structural pro b-
lerns with time-varying loads. Such problems necessitate the re-analysis of the 
en tire system under diff eren t loadings at various times. The SCA can be 
adapted for such problems, particularly for systems with brittle components. 
The dynamic effects of the brittle fracture or ultimate failure of some 
mem bers on the remaining structure are often ignored in reliability studies. 
Such effects must be examined. In addition, brittle failures are often caused by 
dyn amic loads. A.s such, the SCA may be used with the appropriate 
mo difications to study -the_ effects of dynamic loading on the reliability of the 
system. 
Nonlinear modeling of .the stress-strain behaviour of the components may 
be incorporated in the analysis; in this regard, however, appropriate perfor-
mance functions must be formulated. 
The SCA can be extended to three-dimensional frame structures account-
lng for the in teraction between bending, torsion, shear and axial modes of 
failure of the components. 
11:2 
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